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RATES OF EIGENVALUES ON A DUMBBELL DOMAIN.
SIMPLE EIGENVALUE CASE

JOSE M. ARRIETA

ABSTRACT. We obtain the first term in the asymptotic expansion of the eigenval-
ues of the Laplace operator in a typical dumbbell domain in R2? . This domain
consists of two disjoint domains QL , QR joined by a channel R; of height of
the order of the parameter &. When an eigenvalue approaches an eigenvalue of
the Laplacian in QLUQR | the order of convergence is ¢ , while if the eigenvalue
approaches an eigenvalue which comes from the channel, the order is weaker:
e|Ilne| . We also obtain estimates on the behavior of the eigenfunctions.

1. INTRODUCTION

In this paper we deal with the problem of the behavior of the eigenvalues
and eigenfunctions of the Laplace operator with Neumann boundary condition
when the domain is singularly perturbed.

The prototype of perturbation of the domain we are interested in is the so-
called dumbbell domain which consists of two disjoint domains Q' and QX
joined by a thin channel R, which approaches a line segment as the parameter
¢ approaches zero. To fix the ideas let us consider that we work in R? and
the channel is given by R, = {(x,»):0 < x < 1,0 < y < eg(x)} where
g€ C(0,1) and g(x) >0 forall x € [0, 1] (see Figure 1).

The basic fact about the behavior of the eigenvalues for this kind of pertur-
bation is the following: if {u}$2, are the eigenvalues of —A in Q = QFUQR
with Neumann B.C., if {z;}$%2, are the eigenvalues of the operator —é(gux)x
in (0, 1) with Dirichlet B.C. and if we denote by {A,}52, = {m}52, U{7;}52, .

ordered and counting the multiplicity, then if {43}52, are the eigenvalues of

—A in Q, = QL UR, UQR, with Neumann B.C., we have, 15 <=2 4, .

This result gives us a characterization of the eigenvalue behavior under this
kind of perturbation and allows us to sketch a bifurcation diagram of A5 with
respect to the parameter ¢ (see Figure 2).

Notice that the eigenvalues of —é(gux)x in (0, 1), with a Dirichlet B.C,,
play a role since they are the limit of the eigenvalues of —A in R,, with a
Dirichlet B.C. in I'; = R, N 8Q and Neumann everywhere else (see [11]).
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The case g = 1 and dimension greater than or equal 3 was studied by
Jimbo in [15]. He also obtained nice estimates on the L>° behavior of the
eigenfunctions. The work in [13] includes results in this case also.

For the case g # 1, see the work in [17], where they obtained this kind of
result even for an N-dumbbell domain, that is, a family of N pairwise disjoint
domains joined by several thin channels.

In a much more general setting, including the case where the channel presents
a high oscillating boundary (R, = {(x,»):0<x<1,0<y<eg(xe”®)} with
0 < a < 1), or even, in dimension 4 > 3, where the channel approaches a
manifold of dimension d —k for k=1, ...,d — 1, this result was studied by
the author in [1], [2].

Many other authors have studied similar kinds of singular perturbations of
the domain in different situations; see [5], [6], [7], [14], [18], [22], [12], [11].

For other kinds of singular perturbations the reader is referred to [3], [21],
[19], [20].

It is clear that from the fact that A% 220, An we simply obtain the continuity

at ¢ = 0 of the branches depicted in Figure 2, and in order to draw a more
accurate bifurcation diagram we will need to analyse the asymptotic behavior
as ¢ — 0 of the quantities A% — A, . In this direction there are some results.
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Jimbo and Morita in .[17] treated the case of an N-dumbbell domain. In

this case it it clear that A¢ 220, 0fori=1,..., N, while 2%, is uniformly

bounded away from zero. They were able to prove that A¢ = Cied=1+o(ed7 ),
for i=1,..., N, where d is the dimension of the ambient space, and C; are
certain constants which depend on the geometry of the domain.

Jimbo in [16] is able to obtain the first term in the asymptotic expansion of
A% for a typical dumbbell domain, in dimension d > 3, where the channel is
straight, that is, g = 1, and with the essential condition that {u;} N {7;} =@
and A% approaches an element of {x;}. He obtains that 15 = u; + C,e?~! +
o(g%~"). In this work nothing is said about the case when A5 approaches an
element of {7;}.

In [6], the authors find upper bounds for |1 — 4,|, obtaining that

(1) If An € {mc}\{7,},

|A¢ — Ap| < C|Ing|~"%, dimension = 2,
|AS — An| < Ced=2/4 | dimension = d > 3.

(i) If Ay € {7\ {mc}

|A¢ — An] < Ce'/?|Ing|, dimension =2,
|A — An] < Ce'/?, dimension = d > 2.

In this paper we will work with a typical dumbbell domain in R? with a gen-
eral g € C'(0, 1). We will consider a A, with the condition that 1,_, < 4, <
An+1 and we will be able to obtain the first term in the asymptotic expansion of
A% —An, as € — 0, for both situations: (a) A, = u; and (b) 4, = 74 . Actually,
we will obtain the constants 4, and By, such that

(a) If A, = uy for certain k, then

AL = up + Are + o(e).
(b) If A, = 74 for certain k, then B, <0, and
A% = 1 + Bre|Ine| + o(e|In¢]).

Notice that the rates obtained for (a) and (b) are different.

Case (a) is in accordance with the result from [16], which was obtained for
dimension d >3 and with g=1.

Case (b) is new and as far as the author knows it has never been established,
not even for the case g = 1. We can also see the upper bounds obtained by [6]
are not optimal.

With this result now we can draw a more accurate bifurcation diagram (see
Figure 3).



3506 J. M. ARRIETA

AE~w +AE An~ 1+ Belng
€ / € \
My K
FIGURE 3

With respect to the case of a multiple eigenvalue, we will just mention that, for
the case where d >3, g=1, A1 <A = =A; <41 and A,, ..., 4 ¢
{7}, the rates were obtained in [16]. But, for example, in the case where
An—1t < An = Apg1 < Any2 and A, = py, Apyy = 1; for certain k and j, the
asymptotic expansion is essentially different from the one obtained in case (a)
or (b). This will be treated in a subsequent paper.

2. NOTATION AND MAIN RESULTS

In this section we make precise the notation and the results stated in the
introductory section.

We will consider a fixed smooth and bounded open set Q c R?, with the
property that there exists an / > 0 such that

Qn{(x,y): x2+y2 <Py ={(x,y): x> +y* <>, x <0},
QN{(x,y): (x =1 +y> <Py ={(x,y): (x =1 +y* <P, x> 1},
Qn{(x,y):0<x<l,-l<y<l} =2,
so that {(0,y): — /<y <[}u{(l,y): -l <y <} Cc Q. Notice that we
do not specify any connectedness property on . Therefore we could have the

situation from Figure 1 or even the one from Figure 4.

Let B C OQ be a regular part of the boundary of Q, possibly empty, with
the property that BN ({(0, y): —I<y<l}U{(l,y): =l<y<l})=2. We
will consider the following eigenvalue problem:

-Ap =pp, Q,
2.1) ‘ 6‘/’=0’ B,

9% _

5. =0, 9Q\B,

and we will denote by {u,}32, the set of eigenvalues of (2.1) ordered and
counting multiplicity, and by {¢,}22, the corresponding set of orthonormalized
eigenfunctions. _

Let g € C!(0, 1), and define R, = {(x,y):0<x<1,0<y<eg(x)}C
R*, Ty = {(0,5):0 <y <eg(0)}, I'¥ = {(1,»): 0 <y < eg(l)} where
¢ € (0, &) for some small & . Denote also I'; = T’ U l“f and consider the
eigenvalue problem

_Ay 77, RE 5
(2.2) p=0, Te,
9% _o, 9R\T
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Denote by {75}52, the set of eigenvalues of (2.2) ordered and counting mul-
tiplicity and by {y5}$2, the corresponding set of orthonormalized eigenfunc-
tions.

Let {(zn, yn)} be the eigenpairs of the problem

1
- = s Oa 1 s
(23) g(gyx)x Ty x€(0,1)
y(0)=0, »(1)=0.
It is well known that the following result holds:
Theorem 2.1. For all n € N, we have
-1, =0(%), |vE— (5, 8_l/zyn)Lz(Re)s_l/zyn”i[l(ke) = 0(&?).

For the proof of this result see [11] or [1].
Define the domain Q, = QU U R, . Consider the eigenvalue problem:

—A¢=).¢, Qs, )
(2.4) a¢=°’ B,

o9 _

an - 9 aQE\Ba

and denote by {15}5°, the set of eigenvalues of (2.4) and by {¢;}32, the

n=1
corresponding set of orthonormalized eigenfunctions.

Define
(2.5) {An}azs = {wi}Z U {Ta}ils
always ordered and counting the multiplicity.

Let E be a bounded, linear extension operator from H!(Q) to H!(R?), and
define the functions

!//::Ed’k, if'lnzluk’

(2.6) e { 0, Q
nE e 2y, R,

The following result, in a more general setting, can be found in [1], [2].

if A, = 1y
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Theorem 2.2. For all n € N we have

2.7 AL =An + o(1).
Moreover, if A_y <A =App1 = = As < Agy1, then
s
(2'8) “¢fl_2(¢fla Wf)QszllH'(Qe)e__ﬁ)()’ n=r,r+l,...,5.

i=r
Corollary 2.3. For all n € N we have ||0¢%/0y|r, =% 0.

Remark 2.4. Notice that in the case where A,_; < A, < A,y , statement (2.7)
tells us that A% is a simple eigenvalue for ¢ small enough, and therefore ¢ is
unique up to a change of sign. Moreover, (2.8) can be written as

—0
"¢fl - ((oft s W:I:)Qz ‘//:”Hl(Q,) B O’

and this implies (¢f, ¥ )%zc = 1+ 0(1). From now on we will always choose
¢¢ with the following sign criterion:
(2.9) (@n> Wn)a, =1+ o0(1).
Therefore, we will always have
—0
(@) If An = mr s o5 — Sl (@) 0.

e—0

() If Aw =1k, 05 — e 2pellmnry —— 0.

The main objective of this work is to study the rates of the convergence of
the eigenvalues given by Theorem 2.2.
Our main theorem is the following:

Theorem 2.5. Let n € N and assume A, is a simple eigenvalue, that is, A,_; <
An < Any1. We have
@) If An = Uy, then

(2.10) A=tk + €6y, (80, 0), x(1,0)) +o(e).
() If Ay = 1%, then
[£(0)7(0)1* + [g(1)7; (D]

(2.11) A =14 — - g|Ine| + o(e|Inegl),
where
: f’bz : b2
— _ a,
2.12) 0ua,b)= [ gl Al - aeep,

and ff’b is the solution of

1
—E(géx)x =4, (0,1),

£0)=a, <&(1)=0b,
which exists and is unique for all A € R*\{t,} and forall a,b eR.
Notice that the constant ([g(0)y;(0)1* +[g(1)7;(1)]*)/n only depends on g
and therefore the estimate (2.11) only depends on R.. Thus, for different Q

but without changing R, we will obtain the same expression. Notice also that
the constant 6, (¢x(0, 0), ¢«(1, 0)) depends on both Q and R,.

(2.13)
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If we consider the case g = 1, the constant ©,, (¢x(0, 0), ¢x(1, 0)) is ex-
actly the same one found in [16].

It is important to mention that in case (b) it is always obtained that A} <
T, for ¢ small. Also, taking into account Theorem 2.1 the same asymptotic
behavior holds for the quantities A}, — 5 .

We will also be able to obtain precise estimates of the behavior of the eigen-
function ¢¢ on Q and on R,. Before stating the results in this direction we
need to introduce some notation that will be used throughout the paper.

We will denote by py = (0, 0), p; = (1, 0) and p will represent a generic
point of R2. B(p, p) will represent the open ball centered at p and with
radius p. Denote by (ry, 6y) polar coordinates of R? centered at py and by
(r1, 6;) polar coordinates of R? centered at p;. Consider the following (see
Figure 5):

Bb(p)=B(p, b)\B(p,a) fora<b,
Di=B(py, p)NQ, for0O<p<lI,
DX =B(p1, p)nQ, for0<p<li,
SL=QnBi(p), SR=QnBi(p),

(2.14) QL =Q\B(po, l), QF =Q\B(p:, 1),
= 3
Iy = {(ro,90)1r0=p,g<00<7n},
= n n
Fg: {(r1,0)1r1=p,—5<01<5 s

(ﬂgm=Lf@,(ﬂ@&=/ff.

FIGURE 5
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Consider also the following functions:

Definition 2.6. Let p € R and let {?(x,y) be the solution of the following
problem:
AL =0, Bj(p),
(2.15) (=1, 0B(p,¢),
¢{=0, 0B(p,!),

where B(p, a), B(p, b) and B(p) are defined by (2.14). Consider also

0 in QL 0 in QR
(2.16) nk = 52(0) in Ssg(O)’ nk = 55'»(1) in Seg(l
1 in Dsg(o) , 1 in Dsg(l)

Let v, € H'(Q), and define

L 1 eg(0) 0 4 TR eg(l) : 4
5%—52—(0—)/0 we(0, y)dy, E%_m/o ve(l,y)dy,
n/2

R 1 3n/2 =R 1
Thvo=1 [ wies), 00 d00, Trvi=7 [ wies(1), 01)don.
T Jnj2 TJ_np2

The estimates for the eigenfunctions are given in the following result.
Theorem 2.7. Let n € N such that A,_; < An < Any1 and assume the sign

criterion on ¢% given by Remark 2.4. We have
(a) If An = ., for certain k € N, then

(2.17) TE9%) <=2 de(po),  TR(95) <=2 di(p1),
(2.18) 195 — bkl ) = 0(€)
(2.19) 95 — &8 12z, = 0(2),

where é,,* is the solutzon of —E(g«f’)’ = & in (0,1) with boundary conditions

€(0) = ¢x(po), &(1) = ¢r(p1)-
(b) If A, = 14, for certain k € N, then

[TE(pE)? = [£(0)7,(0)1%e| Inel* + o(e|Ingl?),

(2.20

(220 [TR(pE)1 = [g(1)74(1)]%e| Inel> + o(e| Inef?),
(2.21) o — (TH(@S)nE + TR@5)nF) 2 ) = olelng]),
(2.22) s — &= 29kl g, = o(el Ine]).

A natural tool to obtain the results stated above is the min-max characteri-
zation of the eigenvalues, which says that 14 can be obtained as

2t — mind 19204, ! : ¢ -

¢ = min = XEH (Q)x=0inB, (x,¢/)o,=0,i=1,...,n-1p.
X1,

It is clear that to obtain upperbounds on the behavior of A% we will need

“good” test functions and the closer the test function is to the actual eigenfunc-

tion the better estimate is found. Also, once the upperbounds are obtained,
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(Section 4), one needs to deal directly with the eigenfunction, perform a hard
analysis of its behavior in Q and R, and basically end up proving that the
test functions originally chosen to get the upperbounds are really close to the
actual eigenfunctions. From here we will obtain the lowerbounds and as a by-
product we will also prove Theorem 2.7 (Section 5). This is the basic idea in
the proof, and it is clear now that we will need to understand the behavior of
the eigenfunctions in Q and in R;.

In order to illustrate how this analysis is done, let us consider the simple case

=1.

If ¢ is an eigenfunction and we define y,(x) = 1 fo pé(x, y)dy, we will
have that y, satisfies the equation

—(WC)szlsz&" XG(O, 1)’
w(0) = TEL((pf,), we(l) = TsR((pf,);
in other words, y, = &%'% where a, = TL(¢%), b. = TR(pZ) and &7 is

defined by (2.13).
Moreover, from the second Poincaré inequality, we will have that

T
oy

Thus, the function . is close to the actual eigenfunction ¢% and this gives
us the hint that we should consider the family of functions éj{‘b as possible test

functions on the channel.
For case (a), we know already that ¢%|q =0, ¢ . From this, we can “ex-

g — wellk, < Cé? = o(&?).

€

pect” that TX(pf) =% ¢(po) and TR(p%) “=% ¢i(p1). Moreover, since
A8 =0, ur and u ¢ {1}, we know that IIQe b é,‘fkbllH.(R )= = o(¢) . Therefore,

heuristically we can “expect” that ¢ behave like ¢, in Q and like éﬁf("°)’¢"(p‘)
in R,.

For case (b), we know that [|¢% — &~y (g, +£2%,0 and A —
0. If we use as a test function

0 in Q,
2.23 Y, = .
(223 ) {8_1/27k in R,
we will not go further than proving A2 < 1, . Moreover, from the fact that an
eigenfunction does not vanish identically in an open set one can deduce that a
“good” test function for this case must have some nonvanishing and relevant
component in Q. The key point in this case is to analyse the behavior of the

eigenfunction in Q. Since A% 220, 7, and we are assuming 7, ¢ {u,}, that

is, we do not have a resonance phenomenon in Q, we will be able to prove that
leell3 = o(||V¢,,||Q) (Corollary 5.2). This result and the fact that A% comes
from a minimization problem suggest that ¢¢ should behave like a harmomc
function with certain values in I'; and decaying to zero as we move away from
I'; (that is, the weight of ¢¢ is concentrated around I7). It must seem clear
now that a candidate for the test function must be

(224) .r ={a8n[£+ﬂ€’7§, inQa
' he(x) + 8_1/2Yk , InRg,

s—»O
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where o, B are two real parameters, /.(x) is the linear function which sat-
isfies h.(0) = a¢, k(1) = B, and nl, nR are defined by (2.16).

3. SOME LEMMAS

In this section we want to prove some lemmas that will be used throughout
this paper.

Lemma 3.1. The function
(R*\{t,}) xRxR = CY(0, 1),
(A,a,b)—&°

is continuous, and for any compact set K C R*\{t,} there exists a constant
C(K) such that

(3.2) 1€7 2112 0,1y < C(K)(@® +b%),  for all (a, b) € R,

(3.1)

Moreover, if A, € R\{t,} and 3, ==% 1, for some t,, we have

. /oglc;',”l2 (/g y,,) + file,a, b)

_ [—ag(0)7,(0) + bg(1)y4(1)]? + file, a, b),

(la_fn)z
U |dE | 2—ag(0)2(0) + be(1)y, (1P
(34) /Og‘ R +hie, a,b)

2
— tn
where fi(e, a, b) satisfies the condztlon that there exists a constant C indepen-
dent of €, a, b such that |fi(e, a, b)| < C(a*+b?), for i=1,2,3.
Proof. From the linearity of (2.13), we have that éf’b = aé; 0y béf’l . From
this decomposition, the continuity of (3.1) and the bound (3.2) are easily ob-
tained.
Assume now that A, — 7,, and for simplicity let us denote & = éf"b .
Via a Fourier decomposition of £ in terms of the eigenfunctions {y;}%2,,
thatis, &= 3,(8¢, 7i)120,1)?: » We obtain

56 /Olg|5|2=§</olgéy1)2=(/olgﬁl’n> +§(/ gcyi)z.

But since ¢ satisfies equation (2.13) and y; satisfies equation (2.3), via ele-
mentary integration by parts, we deduce that

(3.7) / g8y = _ [8&vily

Ae— T’

where we denote [f(x)]} = f(1)— f(0).
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Let 4(x) be the solution of the following problem:
—(gh') =0, 1in(0,1),
h(0)=a, h(l1)=0b.
Notice that # can be found explicitly as
fx dt
i ;é:
Since by definition &;, = A at x =0, 1, we have [g¢y/]} = [ghy]]{ and again,

integrating by parts, we have [géy§](1, =—1; fol gvih.
Hence, if we denote by

1 2
(3.9) ﬁ(e,a,b>=2(/o gcy,) ,

i#n

(3.8) hx)=a+ (b-

we have, with the aid of (3.8),

2
2 1 1
3.10) fie,a,b)=3 i / h <c/ h? < C(a? + B2).
(3.10) fi(e,a, ) gas_mz(ogm) <C [ glhl < Cl@+bY
Thus, statements (3.6), (3.7), (3.9) and (3.10) prove (3.3).
To prove (3.4) and (3.5) we proceed in a similar way. Notice that

1 1
(3.11) 0,.(a, b) = /0 gl - 2, /0 gléP = [g&'¢l}

d
an 1 1 N
(3.12)  [g&¢1} = [8E'h1} = —Ae / g&h +[gEH1 = — 2, / g&h + f(a, b),
0 0

where f(a, b) = [g&h']}, which, from (3.8), obviously satisfies | f(a, b)| <
C(a?* + b?). Moreover, as before, via a Fourier decomposition of £, we have

(3.13) /01 gth = i/ol géyifol ghyi = Z [)gyﬂ? /l ghyi.

Integrating by parts, we have [gy/¢]) = [gy/hl} = —Ti fol gvih , and therefore,

(Lg7,E10)? A
(3.14) / gh =~ (4e —TnOTn Z’l —Tn (/0 gyih) .

Hence (3.11), (3.12), (3.13) and (3.14) imply

(3.15) i
o, ([gvaély)? AeTn . ;
el‘(a’b)_le(le——ITgT_,,-'-;lg—‘cn (/0 g?,h) + f(a, b)
2
([gy,,é]o) ) AeTn b h) fa b
po- + ([g7n€lo)* + l;ﬁ po (/0 grih| + f(a,b)
([gyi,élo)

=—Fr;—+f3(8’a’b)’
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where
1 2 .
fs(e,a,b)=([gy;é]<‘))2+zli‘_1”7( / gy,-h) +/(a, b),
i#n ¢ n

which trivially satisfies |f3(¢, a, b)| < C(a?+b?). This proves (3.5). Now (3.4)
can be obtained from (3.3) and (3.5). This proves the lemma.

In the proof of the results we will need to consider a change of variables
which will transform the domain R, into Q. = (0, 1) x (0, ¢). This change of
variables is given by the following transformation:

(3.16) Le: Qe = Re, (X,9) = (x,p)= (%, 8(X)))

(see [11], [1]).
We have the following

Lemma 3.2. L, induces a 1-1 transformation between H'(R.) and H'(Q.),
that is,

(3.17) LezHl(Re)_’Hl(Qe), p—op=¢ol,

which satisfies

(3.18) (‘3?? Qi’) _ (‘9_¢’ _,8x) 09 L?_?’)
) ox’ oy 0x g(x) o (x) 0

o9 6¢> (0¢ g'(x )?g 09 )

(3.19) (6x dy ox +y g(x) 0y’ 80X ) '
Moreover, there exist constants ¢, , c;, such that for all ¢ € H'(R;) we have

(3.20) [ ot vaxay= [ s, naza,

and

(3.21) a1 "97’"%,2(@) < "¢”%2(R,) < CZ"‘?"%Z(Q,) )

(3.22) Cl”(ﬁ”%{l(ge) < ”?’”%p(kl) < cZ“@“%—[l(@);

Proof. Trivial.

An important operator will be the averaging in the y direction of a function
defined on R, , which is defined by

M:H'(R,) — H'(0, 1),

3.23 ' 28(x) :
O et = s [T ety =1 [ e na.

Lemma 3.3. There exists a positive constant C such that, if y, € H I(R,), we
have

(3.24) lvelk, = 1We — MWellz, + 1M ellk, »
av. |

(3.25) 1My, — vl < Ce* || == -
ay R,

Proof. Equality (3.24) is straightforward. To prove inequality (3.25) use the
second Poincaré inequality.

We have the following
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Lemma 3.4. If y, € H'(Q) with |||l ~— 0, then
(3.26) ITEwe — Trwe) =50, | TRy — TRye| =5 0.

Proof. Let us prove the first statement of (3.26). Since ||¥|lm —8i 0, we

e—»O

have that ||l//g||H|(Dch(0) 0. Let Dt = ¢ 'D[, , , and define ¥,(x,y) =
we(ex, ey) for (x,y) e Dt and also

a / l//
& |Dsg(0)| 8 |DL| DL e*

Therefore,
L 1 ¢8(0) 1 [80 _
lae — T, ve| = 22(0) /0 (ae — (0, y))dy| = é@—)/o (@ —¥.(0,y))dy
L _
< m/o lae — W, < Cllae = %.(0, )20, g0

< Clla: = ¥ llmpry = Cllae = Wellzory + CIIVW, 21y

and from the second Poincaré inequality, [la: — ¥, ll12pr) < ClIV¥, |22 >
which implies that |a, — TLwe| < C||[VW,ll12pe) -

Since DL - R? we know that ”VWe“LZ(D’-) = “Vwean(DL(O)) 8;0, 0 and

g

thus |a, — TEy,| <=5 0.

In the same way we can obtain |a; — TLy,| <=2 0 and therefore |TLy, —
TLy,| 229, 0, which proves the lemma.

Lemma 3.5. The following is satisfied:

ln
(3.27) Gy =%
and therefore
328) v 27
( . ) ” gs ”LZ(B’(p) |lnﬂ ’
212

3.29 / L= 20 (1 40(1)),
(3.29) oy &= S o)

2nl?
(330) ”CﬁlliZ(Bg(p)) = W(l +o(1)).

Proof. Trivial

Lemma 3.6. Let y, € H'(Q), with y, <=% 0 in H'(Q). Assume there exists

a 6 >0 such that |TFye| > (resp. |TRy.| > 3). Then,
(3.31)

2 Ly 2 (L l
IVwellpe > [T vl (llnal to (Ilnel>) ’

2 S TRy (T 1
(resn 0wty > 2w (57 (7))
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Also, if |TFwe| + |TRye| > 6, then

(332)  |Vwl} 2 ([TL%IZHTR"’E]Z)( : *"( 1 ))

|Ing| |Ineg|
Proof. Consider the operators

| 32
wae(ro>=—/ vilro, 60)dbo,  e<ro<l,
T Jnp2

1 n/2
Newr =7 [ win,ende,  e<ns<l.
TJ_nn2
We have
"V‘//e”%ll- > ”V'//e"?gfg(o)
> min{llee||§;(0): NEx.() = NEwe (), NEx.(e2(0)) = Ny, (e£(0))}
= (NEy.(eg(0)) — NEws(1))? min{lIVXe”?geng)
NEx.(l) =0, NEx:(eg(0)) = 1}
= (Nfy.(eg(0)) — N,;Lwe(l))zllvf:fg(o)||§5x(o)

= (N v.(e8(0)) = Ny we(1)? e I(1+0(1))

where we have used Lemma 3.5. Similarly,
IVWelipe > (N we(eg(1)) - Niye(1))? n I( +o(1))
and therefore,
IVwelid > IV w3 + 19 vl
> [(Nfwe(e8(0)) = Nfye(D) + (NRw,(eg(1)) - Ne’*%(l))zlll%ﬂ(l +o(1))

From the fact that y, == 0 in H!(Q), it is easy to see, via a trace

e—0

theorem, that NIy, (/) =% 0, and NRy,(l) =% 0. Moreover, noticing

that NLy,(eg(0)) = TLy,, NRy,(eg(1)) = TRy, and applying Lemma 3.4 to
the estimates found above, we obtain

“V%”leL > ([TEL‘//&]2 +0(1)) (l—lz_gl to (ﬁ)) ’

IV yelide > TRyl +o(1)) (“—,’f;l +o (ﬁ)) ’
IVwelid > (T vl + [an812+0<‘))(ﬁ+0<®))'

Now it is clear that if |TLy,| > 6 (resp. |TRy,| > J) or |TLye|+|TRy,| >0
we obtain the desired inequalities. This proves the lemma.
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Lemma 3.7. We have
(3.33)

. inT r 1
my = min{|VyelZapp: Tive =1, we =0in T} = o e + (mar)

R 1

m = mln{"V'//ellLZ DR TR'/’S— 1 V/B—Olnr }_ |1n8[ O(W .

Proof. Obviously, mL < ||Vri|? = ﬁ With Lemma 3.6 we easily prove
!
mg > Ea(1+0(1)).

We will need extension operators from H}(Q) to H}(Q.), where we denote
by HY(Q) = {u € H'(Q): u=0 in B}, and similarly for H}(Q,). For this,
let A€ R\{t,} and y € HA(Q) and define
(w(x,y), (x,»)€Q,

w(-x,») +5(¢&f () —w(-x,»),

(x,y)€R,,0<x<e¢,

3.34 Ely =
G340 BV=1 oox )+ 2@ (-0 - w2 -x, ),
(X,Y)GR8,1—8<x<l,

[ &Y(x), (x,y)€ER,,e<x<l-¢

And also
= wix,y), (x,y)€eqQ,

3.35 B ={

(3:35) V=), (x,y)€R,,

where we denote by & the solution of (2.13) for a = w(po) and b = y(p;).
Notice that E}y € HL(Q;), but E}y € HY(QUR,)

Lemma 38. If ¢ € HL\(Q), then E*p € HL(Q,) and Elp € HY(QUR,).
Moreover ‘

(3.36) IVEZp — VE!g|3, = O(?), ||Etp — Elol}, = O(e?).
Proof. Trivial.
Lemma 3.9. Let i, j € N. We have

(3.37) (Vyf, vwf)n, =4+ 0(¢),

(3.38) (VyE, Vbl =0@E"?), i+,
(3.39) (W h)a, = 1 +0(e),

(3.40) (Wi, vha, =0,  i#]

Proof. Just use the definition of the functions ¢ given by (2.6) and the fact
that the measure of the channel R, is of the order of ¢. Notice that we have
to distinguish two cases, according to 4; = y; and A; =7, .

4. UPPER BOUNDS

In this section we start the proof of Theorem 2.5. We will first obtain upper
bounds for A2 with the aid of a good test function. Therefore, let us fix n € N
and assume A,_; < 4, < A,41 . We will need to distinguish two cases:
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(a) Assume A, = y; for certain £k € N. Consider the following func-
tion: y, = E*¢; where E} is defined in (3.34), and ¢, is the eigenfunction
corresponding to u; . Notice that y. cannot be used directly as a test func-
tion for A{ since it needs to satisfy the orthogonality conditions with respect
to the previous n — 1 eigenfunctions: ¢, ..., ¢%_, . We do this in the fol-
lowing way. Consider the linear space span{yf, ..., wi_,, Xc}, where y¢ is
defined by (2.6), which has dimension n and therefore there exists a nonzero
function v, € span{yf, ..., wi_,, x.} which is orthogonal to the (n — 1) di-
mensional space generated by the first (n — 1) eigenfunctions ¢f, ..., ¢%_,.
Hence, we can assume the existence of a nonzero vector 4f, ..., a; such

that, if w, = Y77 afyf + aixe, then A5 < [Vl /llvel3, . or equivalently,
IVveli3, - Asllvely, 2 0.

But the expression ||[Vy.[|§, — A%l|lwe(l§, can be regarded as a quadratic form
of the column vector a = (af, ..., a%)T given by the n x n symmetric matrix

Q. with entries
gij = qji = (V¥7, Vyi)a, — 4, (Wi, ¥))a, s 1<
Qin = dni = (V¥ , Vie)a, = (W1, Xedo,,  1<i<n-—1,
dnn = ”VXe-“sz), - Afu”Xe”?!y
The existence of a nonzero vector a satisfying a’Q.a > 0 is equivalent to

the existence of a nonnegative eigenvalue of the matrix Q, .
It can be seen that the following estimates hold:

q,~,~=/1,~—lf,+0(8)§—a,~<0, i=1,...,n—-1,
gij=0@E"?), 1<i,j<n-1,i#],
gin = 0(e'/?), i=1,...,n—-1.

The first two estimates come directly from Lemma 3.9. For the third one we
use first the definition of x, and Lemma 3.8, so that g;, = (Vyf, Véf‘f,’;)kc -
A& (We, EX)R, + O(). If A; = pu; we obtain that g;, = O(g), while if A; = 1,
we obtain, via integration by parts, that g, = (ux — 45)(7s, E06))g, + O(e) =
o(1)o(&'/?) + O(e) = o(e'/?) .

Thus, if there exists a nonnegative eigenvalue of the matrix Q,, say e, , we
necessarily must have det(Q, — e./) = 0. Expanding this determinant by the
last column we have

(qnn —€5) +0(8) =0,

n—1
[1(gii —e.) + OGe)
i=1

which implies that g,, = e; + 0(¢).
But, from the definition of y. and Lemma 3.8, we have

nn = An — Af, + 89#,‘ (d’k(pO) s ¢k(pl)) + 0(8) )
and therefore, since e, > 0, we must have

(4.1) An < i + €Oy, (dk(Po) » Pk (P1)) + 0(¢),
which gives us the upper bounds for 2% .
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(b) Now we consider the case where 4, = 1,. Let us consider a, and
B. two real parameters with «,, 8, € [-M, M], for M sufficiently large but
independent of ¢. Also, consider the function A.(x) = a,(1 —x)+ f.x defined
for x € [0, 1].

We will proceed similarly as we did in case (a). Consider the function

T, = { aen[L‘i‘ﬁerIIR’ in Q,
he(x)+ &2y, in R,.

Again as in case (a) we will take a nonzero function y, on the n-dimensional
space [y}, ..., wi_,, T¢] which is orthogonal to the (n—1)-dimensional space
[¢f, ..., 95_,]1. This function can be expressed as y, = Z;’;,l atyf+a;Y,, for
a certain nonzero vector al = (al , ..., ay). From the minimization property

of the eigenvalues, we get ||Vye|l§ — A5llvellg, > 0.
If we consider the symmetric matrix Q. with entries

(4.2)

gij = qji = (Vyf, Vyi)a, — 45 (W, ¥))a, s 1<
gin = qni = (VY] , Ve, — (¥}, Tea, i<i<n-1,
nn = IIVTeNI, — 2501 e, »

there must exist a nonnegative eigenvalue of Q..
As in the previous case, it can be seen that the following estimates hold:

q,~,~=/1i—lf,+0(8)§—ai<0, i=1,...,n—l,
gij = O(e'?), 1<i,j<n-1,i#],

|gin| = Iael+|ﬂ8|)0(“n8|>+0( gl/?y, i=1,...,n-1.

Therefore, the existence of a nonnegative eigenvalue of the matrix Q., say
e, , implies that det(Q. — e.J) = 0. Expanding this determinant by the last
column, we get

(dnn — €) ("H_lwn —e)+ 0(e>> +o(1) [(Iael + lﬂen)O(#)r -0,

P |Ine|

which implies that there exists a positive constant C such that

: ) + O(e).

(4.3) Gun > —C(a2 + B2)O (|lns|2

But evaluating ¢,,, we can obtain
wn = (0 + B7) n l(1 +0(1)) — 20, (0)7(0)'*(1 + o(1))

+2B:.8()yp (e 2 (1 + 0(1)) + 74 = 2%,

so that (4.3) can be written as
(2 + ﬂf)ﬁﬁ—sl“ +0(1)) - 20,£(0)7(0)e"/*(1 + o(1))
+2B:8(1)74 (D)2 (1 + o(1)) + 14 — A5 + O(¢) > 0.

(4.4)
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Since (4.4) is valid for all choices of a;, 8 € [-M , M], we will have that

min {<az + B 1+ 0(1)) ~ 20,8040} (1 + o(1)

28,27 (DE2(1 + 0(1)): e, fe € [-M . M]} > 2~ 1+ O(&).

This minimum is attained at the points

0p = Ms”zllnd(l +o()) e [-M, M],
8= _ g_(‘)?yl'&glﬂunsm +o(1)) € [-M, M],

and therefore, we obtain

_ [8(0)7(0)F + [g(D)7 (DT

45  Asu -

e|lne| + o(e|lng|),
which gives us upperbounds on A% .

5. LOWER BOUNDS

In this section we obtain the lower bounds on the eigenvalues and estimate
the eigenfunctions, proving both, Theorem 2.5 and Theorem 2.7. For this we
will need to make a careful analysis of the behavior of the eigenfunction on Q
and on R,.

The first proposition gives us information on Q.

Proposition 5.1. Assume that p,_y < u, = --- = Us < Usyy for certain integers
r<s. Let n € N such that 2% ==% u,. Then, if we define y, = ¢t —

i (9%, di)adi, we have

(5.1) Iveld = o(IVyelId)-

Proof. If |\yell3 = O there is nothing to prove. Thus, we can assume that

lwell3 > O for & small enough. In this case, (5.1) is equivalent to || V¥ |13/l well3

220, 0. Assume there exist a sequence, that we denote by & again, and a

constant C such that ||V, |3/llvell3 < C. Define x. = ¥./||¥.lla, so that

Xe € HYQ), |23 =1 and ||[Vy|3 < C.
We can choose a subsequence, denoted again by ¢, and a function y € HL(Q)

such that y, &0, x weakly in H!(Q), strongly in L%(Q), so that |x||3 =1
and ||Vx||4 < C. Notice that since y, is orthogonal to the space generated by

&ry..., ds,in L2(Q), we will have that (x, ¢;))o=0 for i=r,...,s.
The function . satisfies the following equations:

=i+ GBS g s0s, @
et ylle &0 et 2,

(5.2) 2:=0, B,

Oxe _
an = 0, 90Q\(BUIY).
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Therefore, for any test function y € C§° (Q\(BUpoUp;)) with the property
that (v, ¢i)og =0 for i =r,...,s, we will have (Vx., V¥)g = 25(x:» ¥)a
for ¢ small enough, and going to the limit,

(5.3) (Vx, Vv)a = w(x, ¥)a-

Equation (5.3) is valid for all y € C§°(Q\(B U po U p;)) with the property
that (v, ¢i)q =0 for i =r,...,s. Eventually we want to prove that (5.3) is
valid for all y € H}(Q). Consider first the case where y € H}A(Q) with the
additional condition that wL1[¢,, ..., ¢] in L?(Q). By density arguments,
we can choose a sequence of functions y; € Cg"(ﬁ\(B U po Upp)) such that
wx — ¥ in H'(Q). Notice that, in this case, (¥, ¢i)g — (¥, ¢i)a = 0, for
i=r,...,s. Choose functions f,,..., fy € Cg°(2) with the property that
(fi, #j)a = 6ij, r <i,j <s which clearly can be found by a dimensionality
argument. Consider the function ¥, = y, — >;_, (Wi, ¢i)afi which belongs to
the space C(‘,’°(§\(B UpoUp)), and obviously satisfies (¥, ¢i)g =0 for i =

r,...,s and ¥, 2% w in H}(Q). Therefore, (Vx, VWi)a = X, ¥i)a,

and going to the limit we conclude that (5.3) is valid for all y € H}(Q) with
yLildr, ..., &l

If v € HY(Q) wedefine y = y—3 (v, ¢:)op; and we willhave (Vx, Vi7)g
= u,(x, ¥)a,butsince x isorthogonalto [¢,, ..., ¢s] wegetthat (Vy, Vy)g
=u(x, ¥)q for y € HY(Q) and this implies that x is an eigenfunction corre-
sponding to the eigenvalue u, which is orthogonal to the eigenspace generated
by u,. This is a contradiction and the proposition is proved.

Consider the following

Corollary 5.2. Assume A,_; < Ay < Anp1 and A, = 14 for certain k. Then,

(5.4) lo5llg = o(IVesla)-
Proof. Immediate from the previous proposition.

We need to analyse the behavior of the eigenfunctions on the channel R, .
For this, let us begin by defining the function &¢ as the solution of the following
problem:

_(géx)x=/15,gé, (0’ 1),
&0) =T ek, &) =Teh),
which is well defined, with the condition that 1% ¢ {7,}. We want to end
proving that ¢ and &2 are close in a certain sense in H!(R,). Notice that if
g =1 we trivially have that M¢& ==¢¢ in R, .
Let us prove the following

(5.5)

Proposition 5.3. Let 1% ¢ {t,}. There exists a constant C, independent of ¢,
such that
2

0o T
. (1 +§——(1§ _Ti)2> .

14

99s

oy
Proof. First of all, from Lemma 3.3 and the fact that £¢ is independent of y,
we have [|g5 —&8)1%, = |05 — M|}, +|M s —&8||%, and also [|¢f — Mei|%, <
Ce?|| Bz, -

(5.6) gz — &1, < Cé?
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Via a Fourier decomposition, we have

2
Ms_t:Z: €12 _ _ xe
1Mo - &I, s/g|M¢,, & ez[/o (Mot é)l,

where {y,} are the eigenfunctions of —(gy’)’ = tgy, with y(0) = (1) =0, sat-
isfying [] g7i7; = 6;; . Since the function &¢ satisfies —(g&2)x = 45g¢&¢, £°(0) =
TE(98), E8(1) = TR(p%), we can easily obtain

1 €11
/0 ety = 18Vl

/'|.f, - T;
Moreover, via elementary integration by parts and using the change of vari-
ables given by Lemma 3.2, we have

1 1 1 1 peg(x) dv: & ,
T /0 gyiMoi =7} /0 gYiM¢:+E /0 /0 g’;, dy’ ;" dxdy — [g&}1-
Hence
! 2 1 1 L reg(x) g dyi 095 2
& __ KE\a,. — - “¥n
[/0 g(Mg: é)yl] FoER [/0/0 yE P dx d] :

and via Holder’s inequality and taking into account that fol glyPdx =1;, we
have that there will exist a constant C independent of & such that

2
1 peg(x)
g dy; 0¢; 2
< .
[/0/0 gdxa dxdy| <Cetie

which proves the proposition.

oy

b

R,

Consider now the following

Proposition 5.4. Let A5 ¢ {t}. There exist Cy, C, > 0 constants independent
of €, such that

AR
oy

K dgs _de|?
ox  dx||g

352 V05 + 2503l + €| G

(5.7)
— A5llgE — &3, — Cae? /0 g|¢;|2 + 60y (TLo,, TRE).
Proof. Clearly

a¢s 2 et 2

& _ £12 Z*rn —_rn

(5.8 =19t + ||+ |
But

(5.9) dgs|” _||ows _ 4| _ |4 D5 d&*
' 0x Ox dxl|lp lldx|g R, Ox dx’

Using the change of variables given by Lemma 3.2, we have

dpsdee ' % 9(pko L) dée // 5 9(py o Lg) d&®
(5-10) Rsaxﬁ‘/o , & ax 8y dx’
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and via integration by parts,

8 oL,)d&®
(5.11) / Ooio Lo de / 0L + 60, (TLS, TRpY).
Moreover,
(5.12) 2 [ gt = —ok— &l + I, + I,

Statements (5.8)-(5.12) give us
(5.13)

' llam dt |’

o
— IVOEIR + A5 0E 1%, + “ O L

ox  dx ||z

—2/ / g'y‘—A—L‘)de +sele(TL¢,,,TR¢n)

But from Hoélder’s inequality,
1 & 1 172
JO(pf o L) dEt
) / / / n© | < 32 / ¢2 ,
o Jo &y oy  dx R 0 gl

and using that for all o, # and for all a # 0, 2af < a?a? + B?/a?, we get

,Aa((pnoLs)dée 1 3/' ep2
//g VS +a28 A gIexI".

Choosing a such that 1 — C%a? = C; > 0 and denoting by C; = 5 we
conclude the proof of the proposition.

0p;
¢ HW

< C2g2
< C*¢a 3y

Now we are in a position to obtain the lowerbounds of A% . For this, we will
use in an essential way the previous propositions, Corollary 5.2 and the already
obtained upperbounds of 1%. We will assume that 4,_; < 4, < 4,41 and will
need to distinguish two different cases.

(a) Assume A, = u, for certain k. In this case it is clear that there exists
a constant C such that Y72, ey < C. Therefore, Proposition 5.3 tells us

that

o9;
_ FE < ~rn
(5.14) llgs — &k, < Cé? By Re'
From (5.14), Proposition 5.4 and the fact that ||¢)f,||§{c = 1-||p2||4 , we obtain
0 opé d& 2
> € n rn_ 7>
0> Vol - Ao+ G |5+ |G- 5|

(5.15) |
- Coe® [ gl + o0 (T TM;»
Denote by b¢ = (¢¢, ¢x)a. We know from Remark 2.4 that b =1 + o(1).

We have [|[Voi|g = IVo; - biVr g + b5 and [|95l1G = llof — biVérllg +
[6%]?. But from Proposition 5.1 we have ||¢g — bi¢x|l3 = o(||[Voi — bEV|l3) .
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Therefore, we obtain
[BE (A5 — i) = IVl — BEVNIR(1 + 0(1)) + €8 (T (95) , T,X(95))

5.16
(-16) _ G / L glE P+ 56,
0

where we denote S() = C1l| %213, + |55 — 413, > 0.
&—0 £—0

Let us prove now that T;-(¢p) —— éx(po), TR () —= ¢i(p1) or equiv-
alently TL(p% —bior) <=2 0, TR(pE — bidy) =2 0. Assume this is not the
case, so that there exists a positive J such that

M, = max{|T;}(¢%) - bidr(0)], ITX(95) — biduc(1)]} > 6

From Lemma 3.6 it is clear that ||Vg% — biVey|l3 > M22-(1 + o(1)) and

= € [Ing|
from (3.2) and taking into account that 4, ¢ {7,} we have that there exists a
constant C independent of & such that

18 (T (92), TR(92))| < CUTE(@L)1 + | TR(92)1%) < C(M2 + 1),
and similarly
1
/ glE? < C(MZ +1).
0

Therefore (5.16) can be written as

c
|Ing|’

(5.17) (B2 (A — ) > 62|1:f—8|<1 +o(1)) + O(e) >

for certain positive constant c¢. Statement (5.17) is in contradiction with the
upperbounds of A4 given by (4.1).
Therefore we have

(5.18) TH(p2) == de(po),  TR(95) =% du(py).

In particular we have proved (2.17) from Theorem 2.7.
From (5.18) and the continuity of ©;(a, b), given by Lemma 3.1, we have

8, (Tros, TRpE) = 8, (ko) , di(p1)) + 0(1),
and also fol glEé|? < C, so that (5.16) yields

(5.19) (071 (A5 — i) 2 V95 = BV icliay + S(8) + €6y, (6k(0), i (1)) + 0(e)
> &8, (9(0), o (1)) +0(e),

and since [bZ]> =1+ 0(1), we get

(5.20) An — i 2 €6y, (6x(0), k(1)) +o(e),
which gives us the lowerbounds of A% . Hence, (5.20) and (4.1) yield
(5.21) An — i = €8, (¢k(0), P (1)) + 0(e),

which proves (2.10).
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Using (5.21) in (5.19) we get

(5.22) Ive; - biVéilig = o(e

(5.23) ‘ LA “‘9“’" - ﬁ = o(e).
But (5.22) and Proposmon 4.1 give us

(5.24) 105 — b5l = 0(e).
Moreover (5.23) and (5.14) imply

(5.25) lon = Sl r,) = 0(e)-

The fact that A% — uy; , statements (5.18), (5.25) and the continuity of the
map (3.1) given by Lemma 3.1 imply |95 — &2(1% z,) < 20905 — E11% ) +
2||&8 - é,‘f,’:"},,(&) = o(¢e), which proves (2.19).

Moreover from (5.24) we get

o5 — dilizne) < 2195 — bidilling + 2(1 = ) bkl g < C(1 = b;)? + o(e).
But, since b =1+ 0(1), we have

_be_ [be]Z _be2_ e _ pe 2 €12
1 n bg (1 [ n] ) = C(Hq’n n¢k”Q + ”¢n”R,)

( )+ CQllp; — &k Iz, + 20EkI%,) = OCe)

and therefore ||¢f — ¢k||§,.(g) = o(e) , which proves (2.18).

This concludes the proof of case (a) from Theorem 2.5 and Theorem 2.7.

(b) Assume A, = 1, for certain k. For this case we have the upperbounds
given by expression (4.5). Notice that although A% — 7, we have from (4.5)
that 22 ¢ {z:}, since [7}(0)g(0)] + [74(1)g(1)]* > 0, because 7;(0) # O,
7(1) # 0, from the continuation principle.

To simplify the notation, we will denote o, = TL(¢p%) and B, = TR(¢?).
Again, from (4.5), we get that

<
;(Ai—ﬁ)z T (4 z:(,18—1 2 *szllns|2+cz—32|lna|2’
and therefore, Proposition 5.3 gives us
2
_ge c__|2¢x
(5.26) ”¢n é "R, = |ln£|2 ay R

Noting that |1TceTf — 0, using (5.26), Corollary 5.2 and Proposition 5.4, we
get

dp; _de|?

7]
02 93l +o()+ G| |+ |52 - 25|

oy

|

(5.27) 1
_ G /0 gIE + e85 (ae , f).
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From (5.27) we can see that we necessarily must have o2 + 82 > 0, since if
o = B, = 0 for some ¢ small, we will have ¢* = 0 and therefore ©;: (a;, ;) =
0, so that (5.27) yields

AR
0y

which implies that g2 =0 in Q. , and this is not true.
Moreover, from Lemma 3.1 and statement (4.5), we can see that

0> [[V@ZlA(1 +o(1)) + Cy

0x

+

2 [ slesl < pSseutac, B+ Callad + )

Hence, if we denote S(g) = C, || ”Re + ||@1 ‘%H}(e , inequality (5.27)
implies
(5.28) 0> [IV@Lllh(1+0(1)) + €6y (ae, Be)(1 + 0(1)) + S(e) — Ce3(a? + B2).
Define

W = ¢n T = Qg F _ Be
& — ’ - b
ag‘*’ﬂe va§+ﬂg ¢ Vag'i'ﬂsz
so that @? + E = 1. Taking into account Lemma 3.1 and (5.28), we get

8+0(8)[ ~3,2(0)7,(0) + B,g(1)7, (D] + O(e).

(529) az_f_)2+|lV el <

€

But
[—@:£(0)74(0) + B,&(1)7i (DT
(5.30) < max{[-ag(0)7;(0) + Bg()y (NI &* + B> = 1}
= [£(0)7(0)1 + [g()7 (D],
and this maximum is taken only at the point
(-0, e )
VI8O)7,O)1 + [g(1)74(DP

(5.31) @, B) =+

Therefore, (5.29) yields

(532 2 + 19wl < E2C 12O O + ()% 0F) + 0)
From (4.5) and (5.32), we get
(5.33) agsf)ﬁe +Viellf < ine |(1 +o(1) =%0,
and from Corollary 5.2,
el = leallsy _ olVenla) _ oIV wally) <=2 0,

a2+ B2 a2+ B2

so that [|¥;lm q 29—» 0 and we can apply Lemma 3.6 which gives us

(5.34) uweng>([TL%12+[TR%12>“ |(1+0(1))=|h7:—8|(1+0(1))'
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Finally (5.33) and (5.34) imply

(5.35) IVyell3 = Tmls'[(l +o(1)),
NOTNA
(-36) o= (ma)
In particular (5.32) and (5.35) imply
(530 o) < T2 0RO + e DP).

or equivalently

2 < [£(0)7,(0)1* + [g(L)7 (D]

(5.38) .

e|lne| + o(e|Inegl),

which, with (4.5), implies
[£(0)7;(0))? + [g(1)y; (1)]?

b4

(5.39) A =1 - g|lne| +o(e|Ing|),

which proves (2.11).

Now we want to obtain the estimates for the eigenfunction Taking into
account (5.36), (5.39), (5.29), and denoting 4 = g(0)y,(0), B = g(1)y; (1), we
get

e[-a. A + B,B)?
2+B¢|Inel(1 + o(1))

b

(5.40) Ll(l +0(1) = Vvl < o

|Ine
which implies
(5.41) [~@.A + B,B)? > (4% + B*)(1 + 0(1)),

and, therefore @, and f, must be near the points defined by (5.31). In other
words, we must have

FA

(5.42) a;;:‘/ﬁ(l-’-O(l)), \/____(1+0 1))
(5.43) [~@.A4 + B,B)? = (4% + B?)(1 + o(1)),

and from (5.43) and the definition of @, Be we get

(5.44) [—aed + B:B)? = (4% + B®)(a? + B2)(1 + o(1)).

Moreover, from (5.26) we have ||¢Z — é”llR <=9, 0 and since ||(p,,||R =

1+0(1), we get ”68"& =1+ o(1). But from Lemma 3.1
1 2
e12 €12 _ [—aeA + B:B]
(545 el =e [ sl =[S I e, o, )
which implies
(4% + B%)(of + B2)(1 +0(1))
B 2| Ingl2(1 + o(1))

(5.46) l+o(l)=¢ +efi(e, ag, Be),
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or equivalently,

2. g2
(5.47) o+ B2 = 4 ;—23 ¢|lne|® + o(e|Ing|?).
Hence,
A2
(5.48) [T (93] = Fs|lne|2+o(s|lns|2),

(TR (o)) = g—iel Inel* +o(e|Ingl?),
which proves (2.20).

Remark 5.5. Notice that in particular we have proved that
(5.49) X — 1 = 60y (TE(95) , TR(93)) + ole| Inel),

since, if we evaluate €0, (T2 (pZ), TR(pr)), taking into account Lemma 3.1
and statements (5.44), (5.47) and (5.48), we get

A+ B?

0y (T (97), TR (97)) = - e|Inel(1 + o(1)),

which proves (5.49).
Moreover, (5.36) and (5.47) imply

1
_ 2 2
(5.50) S(e) = (a2 + )0 (—| ml) ,
and therefore,
apa|* _ ||oes _ a&|* _
(5.51) “ 9y |z, + “ ox  dx |, = o(¢|lngl),
and with (5.26) we get
(5.52) 95 — &Nl (x,) = 0(&l Inel).

Moreover, if we define x. = @.nL + B,nX, we have

IV, — VXe”%z = 2”V'//e||%2 + 2“VX8“6 —IVye + VXe”g)
(5.53) 4n

_ " _ 2
= g1+ o) = I + Vel

But since ||, + Xellmi(r) ~— 0 and [TE(y; + %) + [TR(w; + 1)1 = 4,
we have from Lemma 3.6

4n
(5.54) IVve + Vaallg 2 o (1 + (1)),

so that

1
- 2 _ —
(5.55) 1= Vel =0 () -
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and from (5.55) and (5.47) we have
(5.56) V9% — (e ik + B.VnR)|2, = oe| Ine).
But trivially we have

9% — (et + BenPONE < 2ll02lE + 2(a? + BR)InEIR

1
— €12 2 -
=0o(||Veillg) + O(e|Ing| )|lna|2 o(ellnegl).

(5.57)

Statements (5.56) and (5.57) prove (2.21).
Finally, let us prove now (2.22). For this let us define first

-1/2

as = (95, € “7)R,

and evaluate,
98 — ace™' 2yllk, < log — E8NIR, + 211E° — ase™" il
< o(e|Ine|) + 4)|&8 — (&, e 2y )re ™ P ykllR,

+ (2 =&, e 2y )R, e~ 2y,
< o(e|lne|) + 4(|IE8N1%, — (&5, e 2p)k,) + 4lloE — EI%,

1 1 2
< oe|Ine]) + 4 [/0 glé”lz—( /0 géwk) ‘ = o(e|Ine]),

where we have used (5.52) and Lemma 3.1 to estimate fol glee> —( fo] gE&yi)?.
Therefore,

(5.58)

o — e 2 pellz, < 20108 — ace™ Pwellk, +2(1 — @)

(5.59) < o(e|Inel) + 2(1 — a,).

But, from the sign criterion from Remark 2.4 we know that a, = 1 + o(1).
Therefore

O<l-a,= 1-a3<C(1—a2)
(5.60) T 1+a, - ¢

= C(llp5 — ace™"*nilk, + Il93lIR) = o(el Inel).
Hence (5.59) and (5.60) imply

(5.61) oy — e~ 2 nillk, = o(elInel).
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Moreover,
(5.62)
_ 005 | 1995 _ipdu]’
& 1/2 2 _ n n _ 1/2
IVo; — e 2 Vycllz, H 3y R2+H e ¢y i
99 Ak i dvef
— 1 2 n _ 1/2 _ 2 1/2
o(e|lngl) + o 2t Tx Re+2(1 a)”||le ax | x
_ vn _ _129% ?
=o(e|lngl) + 2 ax %t dx ||y,

ops  dee|? des Ly
< n_ _ 1/2 e 1227k
<oellng|) +4| =1 — Re+4 e & e )reT T o N
dy 2
e _ ge ,—1/2 -1/2%7k
+4‘(¢n é , € J"k)Res dx R,
de _ipdy|)
< I (em1)2 ¢ 1297k
S ofellnel) +4 | == — (&7, E)re T N

= o(e|Inel) + 4[eOze (ae , Be) + (tx — 43)]

2
1 1
+ del;, /Ogléslz—(/0 gé‘yk)

=o(¢|Ing|),

where we have used Remark 5.5 and Lemma 3.1 in the last equality. Obviously,

(5.61) and (5.62) prove (2.22). This concludes the proof of Theorem 2.7.
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