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RATES OF EIGENVALUES ON A DUMBBELL DOMAIN.
SIMPLE EIGENVALUE CASE

JOSE M. ARRIETA

Abstract. We obtain the first term in the asymptotic expansion of the eigenval-

ues of the Laplace operator in a typical dumbbell domain in E2 . This domain

consists of two disjoint domains Í2L, iV* joined by a channel Re of height of

the order of the parameter e . When an eigenvalue approaches an eigenvalue of

the Laplacian in ClL uClR , the order of convergence is £ , while if the eigenvalue

approaches an eigenvalue which comes from the channel, the order is weaker:

e| lne| . We also obtain estimates on the behavior of the eigenfunctions.

1. Introduction

In this paper we deal with the problem of the behavior of the eigenvalues

and eigenfunctions of the Laplace operator with Neumann boundary condition

when the domain is singularly perturbed.

The prototype of perturbation of the domain we are interested in is the so-

called dumbbell domain which consists of two disjoint domains Q.L and fiÄ

joined by a thin channel R£ which approaches a line segment as the parameter

£ approaches zero. To fix the ideas let us consider that we work in E2 and

the channel is given by Re = {(x, y): 0 < x < 1, 0 < y < eg(x)} where

g £ C'(0, 1) and g(x) > 0 for all x £ [0, 1] (see Figure 1).
The basic fact about the behavior of the eigenvalues for this kind of pertur-

bation is the following: if {pk}kxLl are the eigenvalues of -A in Qe Ql u Qr

with Neumann B.C., if {tj}Jti are the eigenvalues of the operator -j(gux)x

in (0, 1) with Dirichlet B.C. and if we denote by {Xn}™=y = ÍMk}^ U{t7}~[ ,

ordered and counting the multiplicity, then if {Xen}^L{  are the eigenvalues of

-A in Çïe = QL U Re U QR , with Neumann B.C., we have, Xn -^=^ Xn.

This result gives us a characterization of the eigenvalue behavior under this

kind of perturbation and allows us to sketch a bifurcation diagram of Xßn with

respect to the parameter e (see Figure 2).

Notice that the eigenvalues of -^(gux)x in (0, 1), with a Dirichlet B.C.,

play a role since they are the limit of the eigenvalues of -A in Re, with a

Dirichlet B.C. in Te = dRe n <9Q and Neumann everywhere else (see [11]).
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The case g = 1 and dimension greater than or equal 3 was studied by

Jimbo in [15]. He also obtained nice estimates on the L°° behavior of the

eigenfunctions. The work in [13] includes results in this case also.

For the case g ^ 1, see the work in [17], where they obtained this kind of

result even for an A-dumbbell domain, that is, a family of A pairwise disjoint

domains joined by several thin channels.

In a much more general setting, including the case where the channel presents

a high oscillating boundary (RE = {(x , y): 0 < x < I ,0 <y < eg(xs~a)} with

0 < a < 1 ), or even, in dimension d > 3, where the channel approaches a

manifold of dimension d — k for k—\,...,d—\, this result was studied by

the author in [1], [2].
Many other authors have studied similar kinds of singular perturbations of

the domain in different situations; see [5], [6], [7], [14], [18], [22], [12], [11].
For other kinds of singular perturbations the reader is referred to [3], [21],

[19], [20].
g_,o

It is clear that from the fact that k£n-► k„ we simply obtain the continuity

at e = 0 of the branches depicted in Figure 2, and in order to draw a more

accurate bifurcation diagram we will need to analyse the asymptotic behavior

as £ —> 0 of the quantities kEn— kn. In this direction there are some results.
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Jimbo and Morita in [17] treated the case of an A-dumbbell domain. In

this case it it clear that kE   £-> > 0 for / = 1, ... , A, while kEN+l is uniformly

bounded away from zero. They were able to prove that kE = C¡ed~x + o(sd~x),

for i = I , ... , N , where d is the dimension of the ambient space, and C, are

certain constants which depend on the geometry of the domain.

Jimbo in [16] is able to obtain the first term in the asymptotic expansion of

ken for a typical dumbbell domain, in dimension d > 3, where the channel is

straight, that is, g = 1, and with the essential condition that {pk} n {t,} = 0

and kEn approaches an element of {pk} . He obtains that ken = pk + C„sd~x +

o(ed~x). In this work nothing is said about the case when kEn approaches an

element of {t,} .

In [6], the authors find upper bounds for \k£„ - k„\, obtaining that

(i)If k„£{pk}\{Tj},

M-Aiil < C\\ne\-X'2,    dimension = 2,

\ken -k„\< Ce{d~2)/d,      dimension = d>3.

(il)If kn£{Tj}\{pk},

\ke„ - k„\ < Ce1/2[ Ine|,    dimension = 2,

\kn -kn\< Csx/2, dimension = d>2.

In this paper we will work with a typical dumbbell domain in R2 with a gen-

eral g £ Cx(0, 1). We will consider a k„ with the condition that k„-X < k„ <

kn+x and we will be able to obtain the first term in the asymptotic expansion of

kEn - kn , as £ —y 0, for both situations: (a) k„ = pk and (b) kn = xk . Actually,

we will obtain the constants Ak and Bk , such that

(a) If kn = pk for certain k , then

kE„ = pk+Aks + o(s).

(b) If kn = Tk for certain k, then Bk < 0, and

kEn = Tfc+Jßfc£|ln£| + 0(£|ln£|).

Notice that the rates obtained for (a) and (b) are different.

Case (a) is in accordance with the result from [16], which was obtained for

dimension d > 3 and with g = 1 .

Case (b) is new and as far as the author knows it has never been established,

not even for the case g = 1 . We can also see the upper bounds obtained by [6]

are not optimal.

With this result now we can draw a more accurate bifurcation diagram (see

Figure 3).
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With respect to the case of a multiple eigenvalue, we will just mention that, for

the case where d > 3 , g = 1, kr-X < kr = ■ ■ ■ = ks < ks+x and kr, ... , ks £

{xk}, the rates were obtained in [16]. But, for example, in the case where

k„-X < k„ = kn+x < kn+2 and kn = pk, kn+x = Xj for certain k and j, the
asymptotic expansion is essentially different from the one obtained in case (a)

or (b). This will be treated in a subsequent paper.

2. Notation and main results

In this section we make precise the notation and the results stated in the

introductory section.

We will consider a fixed smooth and bounded open set fiel2, with the

property that there exists an / > 0 such that

Qn {(x, y): x2+y2 < I2} = {(x, y): x2 + y2 < I2, x < 0},

Qn {(x, y): (x - I)2 + y2 < I2} = {(x, y): (x - I)2 + y2 < I2, x > 1},

Q. n {(x, y) : 0 < x < 1, -/ < y < 1} = 0,

so that {(0, y): - I < y < 1} u {(1, y) : -I < y < 1} c 9Í2. Notice that we
do not specify any connectedness property on Q.. Therefore we could have the

situation from Figure 1 or even the one from Figure 4.

Let B c dQ. be a regular part of the boundary of Q, possibly empty, with

the property that Bn({(0,y): - I < y < 1} u {(1, y): - I < y < I}) = 0 . We
will consider the following eigenvalue problem:

-Acp = pcp,    Q,

tp = 0,       B,

dcp_

dn

and we will denote by {pn}nxLx tne set °f eigenvalues of (2.1) ordered and

counting multiplicity, and by {cpn}^ the corresponding set of orthonormalized

eigenfunctions.

Let g £ C'(0, 1), and define Re = {(x,y): 0 < x < 1,0 <y < eg(x)} C
R2,  r¿ = {(0,y):0 < y < eg(0)},  Tf = {(l,y):0 < y < eg(l)}  where
e e (0, £0) for some small £0.  Denote also T,

eigenvalue problem

(2.1)

0,       dQ\B,

Tf U Tf and consider the

(2.2)

-Ay = xy,    R£,

cp = 0,      Te,

on
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a

Figure 4

Denote by {xn}n*Lx the set of eigenvalues of (2.2) ordered and counting mul-

tiplicity and by {yE„}^Lx the corresponding set of orthonormalized eigenfunc-

tions.

Let {(t„ , yn)} be the eigenpairs of the problem

(23) -~(gïx)x = ry,       x£ (0, 1),
g

y(0) = 0,     7(1) = 0.

It is well known that the following result holds:

Theorem 2.1. For all n £ N, we have

XEn -Xn = 0(E2) ,       \\7E„ - (f„ , ^'^mR^'^nWl^ = 0(E2).

For the proof of this result see [11] or [1].

Define the domain Q£ = Í2 U T£ U R£. Consider the eigenvalue problem:

-Acp = kcp ,    Q£,

ç = 0,      B,
dcp

(2.4)

dn
= 0,      d£l£\B,

and denote by  {kEn}nv=l   the set of eigenvalues of (2.4) and by  {(Pn)^  the

corresponding set of orthonormalized eigenfunctions.

Define

(2-5) (Wi-ÍMmUít,}«;,,
always ordered and counting the multiplicity.

Let E be a bounded, linear extension operator from Hl(Q) to //'

define the functions

y/E = Ecf)k ,     if k„ = pk,

(2.6) .      fO. Q

, and

s     J0'
1/2 7k,      Re

if kn = Xk.

The following result, in a more general setting, can be found in [1], [2].
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Theorem 2.2. For all n £ A we have

(2.7) kE„ = kn + o(l).

Moreover, if kr-X < kr = kr+x = ■ ■ ■ = ks < ks+x, then

s

(2.8) \\<Pn-^2(<Pn,¥i)neWi\\w{ne)-^^0,        n = r, r+ 1,... , s.

Corollary 2.3. For all n £ N we have \\d<p„/dy\\Rt -^-» 0.

Remark 2.4. Notice that in the case where kn-X < k„ < kn+x , statement (2.7)

tells us that kEn is a simple eigenvalue for £ small enough, and therefore cpEn is

unique up to a change of sign. Moreover, (2.8) can be written as

\\<Pn - (<Pn .  tá)nXllffi(íí,) -£=^* 0,

and this implies (cpEn, y/n)2^ = 1 +0(1). From now on we will always choose

cpEn with the following sign criterion:

(2.9) (<Pen,ri)a. = l+ö(l).

Therefore, we will always have

(a) if kn =pk; IK-<M™^=^0.

(b) If kn = xk,  \\<p°„ - e-x/2Yk\\HHRi) ̂^0.

The main objective of this work is to study the rates of the convergence of

the eigenvalues given by Theorem 2.2.

Our main theorem is the following:

Theorem 2.5. Let n £ N and assume k„ is a simple eigenvalue, that is, kn_x <

k„ < kn+x. We have

(a) // k„= pk, then

(2.10) k\ = pk + £ • 6^(^(0, 0), <t>k(l, 0)) + o(e)

(b) If kn = xk, then

mi)       g.^.txmiKW+irtiwi)],2   i   \at\\vl MM2

where

71

a,b  2 1
0\^,b\2

0

/■'     dc ' rl
(2.12) ex(a,b) = jo g -$L-    -Xjo g\^b\2,

and £,ax '    is the solution of

«t-, -Ug&U = M,   (0,i),
i(0) = a,    í(l) = é,

which exists and is unique for all k £ R+\{t„} and for all a, b el.

Notice that the constant ([g'(0)7^(0)]2 + [c?(1)7[(1)]2)/tt only depends on g

and therefore the estimate (2.11) only depends on R£. Thus, for different Q
but without changing R£ we will obtain the same expression. Notice also that

the constant QPk((pk(0, 0), 4>k(l, 0)) depends on both Q and R£.
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If we consider the case g = 1 , the constant QPk(4>k(0, 0), 4>k(1, 0)) is ex-

actly the same one found in [16].

It is important to mention that in case (b) it is always obtained that kEn <

xk for £ small. Also, taking into account Theorem 2.1 the same asymptotic

behavior holds for the quantities kEn - t| .

We will also be able to obtain precise estimates of the behavior of the eigen-

function cpEn on Q and on R£. Before stating the results in this direction we

need to introduce some notation that will be used throughout the paper.

We will denote by po = (0, 0), px =(1,0) and p will represent a generic

point of I2. B(p, p) will represent the open ball centered at p and with

radius p. Denote by (r^, 0O) polar coordinates of R2 centered at po and by

(rx, 8X) polar coordinates of R2 centered at px . Consider the following (see

Figure 5):

(2.14)

Bba(p) = B(p, b)\B(p, a)   fora<b,

D^ = B(p0,p)f)Q,     for0<p<l,

D* = B(px,p)nQ.,     for0<p<l,

s£ = nnBp(Po),    SR^QnBlp(Px),

ñL = Q\B(Po,i),   ñR = n\B(Px,i),

f Lp = i (r0, d0) : r0 = p, | < 0O < -^

f*= {(rx,8):rx=p,-^<6x<^},

(f,g)n= f-g,       (f,g)Re= f-g-
Ja jrc

Figure 5
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Consider also the following functions:

Definition 2.6. Let p £ R and let  Ç£(x, y)  be the solution of the following
problem:

AC=0,    B's(p),
(2.15) C=l,    dB(p,s),

i=0,    dB(p,l),

where #(/>, a), B(p, b) and #*(/?) are defined by (2.14). Consider also

(2.16) nt

0 in QL, ( 0 in QR,

C¿(1)       "^íd)^(0)     ln °e^(0) ' fie

1 in ^(0) > I 1 >n öf£<ur(i)-

Let y/e e //'(£2), and define

J /•«£(") j /-eg(l)

T£Lv£ = -['    y/e(eg(l),00)d6o,     f/V<¡.= I /*'   ^(e*(l), 0,)rf0,.
* A/2 ^ J-k/2

The estimates for the eigenfunctions are given in the following result.

Theorem 2.7. Let n £ N such that kn-\ < kn < kn+x   and assume the sign

criterion on q>En given by Remark 2.4. We have

(a) If kn = pk , for certain k £ N, then

(2.17) T£L(cpn)^cpk(Po),     Tfitiy-Z^faipi),

(2.18) \\K-M2H^Q) = o(e),

(2.19) \\K-á\\2H>iRe) = o(e),

where C$kk  is the solution of —j¡(gC')' = pkÇ in (0,1) with boundary conditions

í(O) = &(ft)),í(l) = 0*(Pi)-
(b) If kn = xk, for certain k £ N, then

{2 20) [T£L(<Pn]2 = [g(0)y'k(0)]2z\ M2 + o(e\ ln£|2),

[T£R(<p„)]2 = [g(l)y'k(\)]2e\\ne\2 + o(e\\ne\2),

(2.21) ||^ - (7;z-(^^^7£¿- + 77^(^)^)11^,^, =- o(e| ln£|),

(2.22) \\<pn-e-x/2yk\\2W(Rc) = o(e\\ne\).

A natural tool to obtain the results stated above is the min-max characteri-

zation of the eigenvalues, which says that kEn can be obtained as

A«=minjÇi|fit; x £ HX(Q£)X = 0 in B, (x,tf)Qc = 0, i = 1, ... , n - 11.
I llalla J

It is clear that to obtain upperbounds on the behavior of kEn we will need

"good" test functions and the closer the test function is to the actual eigenfunc-

tion the better estimate is found.   Also, once the upperbounds are obtained,
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(Section 4), one needs to deal directly with the eigenfunction, perform a hard

analysis of its behavior in Q and R£ and basically end up proving that the

test functions originally chosen to get the upperbounds are really close to the

actual eigenfunctions. From here we will obtain the lowerbounds and as a by-

product we will also prove Theorem 2.7 (Section 5). This is the basic idea in

the proof, and it is clear now that we will need to understand the behavior of

the eigenfunctions in Q and in R£.

In order to illustrate how this analysis is done, let us consider the simple case

g=l.
If (Pf, is an eigenfunction and we define y/£(x) = | JQ£ cpEn(x, y)dy, we will

have that y/£ satisfies the equation

-4Vc)xx=Kv*,        xe(0, 1),

V£(0) = T£L(<Pn),     We(l) = T*\<pen);

in other words,   y/£ = Ç"rbc  where a£ = T£L(<pEn), b£ = TR((pn)  and if**  is

defined by (2.13).
Moreover, from the second Poincaré inequality, we will have that

i2

\<Pn - VellL < Ce2
d<pE„

= 0(£2).

Re
dy

Thus, the function y/£ is close to the actual eigenfunction cpEn and this gives

us the hint that we should consider the family of functions ¿¡"' as possible test

functions on the channel.

For case (a), we know already that <pn\n -> <f>k . From this, we can "ex-

pect" that T£(cpEn) 8~" ■> <pk(po) and TR(<pEn) £~* > 4>k(P\) ■ Moreover, since

kEn   e    > pk and p £ {Xj}, weknowthat ||^'6-%*||^i(Ät) = o(e). Therefore,

heuristically we can "expect" that cpEn behave like (pk in Q and like ^\Po),<t>k(p\)

in R£.

For case (b), we know that \\ç>„-e~l/27k\\m{Re) -^^ 0 and ||^||Wi(n) -£=!^

0. If we use as a test function

Í0 infi,
2.23) T£=       _ .       '

i £  x'2yk   in R£,

we will not go further than proving kEn < Xk . Moreover, from the fact that an

eigenfunction does not vanish identically in an open set one can deduce that a

"good" test function for this case must have some nonvanishing and relevant

component in Q. The key point in this case is to analyse the behavior of the

eigenfunction in Q. Since kEn-> t¿ and we are assuming xk £ {pn}, that

is, we do not have a resonance phenomenon in Q, we will be able to prove that

WVnWh — °(ll^«lln) (Corollary 5.2). This result and the fact that kE„ comes
from a minimization problem suggest that cpEn should behave like a harmonic

function with certain values in Y£ and decaying to zero as we move away from

Te (that is, the weight of cpn is concentrated around T£). It must seem clear

now that a candidate for the test function must be

f a,///- + ß£n? ,        in Q,
(2.24) T£ = I

h£(x) + e  x,2yk,    in R£,
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where a£, ß£ are two real parameters, h£(x) is the linear function which sat-

isfies h£(0) = a£, h£(\) = ß£, and n£ , nR are defined by (2.16).

3. Some lemmas

In this section we want to prove some lemmas that will be used throughout

this paper.

Lemma 3.1. The function

+\{t„})xRxR^ C'(0, 1),

(k,a,b)^Q
i3-1)

is continuous, and for any compact set K c R+\{t„}  there exists a constant

C(K) such that

(3.2) \\^b\\2W{0A)<C(K)(a2 + b2),    forall(a,b)£R2.

Moreover, if k£ £ R\{x„} and k£   c^ » xn for some x„, we have

N 2

*   P&=U!^*w^»
(3.3)

[-ag(0)yn(0) + bg(l)y'n(l)]2
+ fx(e,a,b),

[ÁE    T">

(3.4)      /'Jo
g

dt a,b I2

dx
¿l[-ag(0)7'n(0) + bg(l)7'n(l)]2  .  f(r   n   M-—-—2-+ J2{£ ,a,o),

TnlA£ — T-n)

,3.5)       eti«,t).'-^'i'fl^W)f+ji(Mit)i

where f(e, a, b) satisfies the condition that there exists a constant C indepen-

dent of £, a, b such that \f(s, a, b)\ < C(a2 + b2), for i = 1, 2, 3.

Proof. From the linearity of (2.13), we have that <¡£■6 = a£]■ ° + bt?k>' . From
this decomposition, the continuity of (3.1) and the bound (3.2) are easily ob-

tained.
Assume now that k£ —> x„, and for simplicity let us denote t\ — Ç% ■b .

Via a Fourier decomposition of £ in terms of the eigenfunctions {7¡}°ZX ,

that is, c¡ = ¿Z¡(gC, 7í)lho, i)7i, we obtain

2

But since £ satisfies equation (2.13) and f¡ satisfies equation (2.3), via ele-

mentary integration by parts, we deduce that

(3.7) (   ̂ yi=\§Mk-
Jo Áe — ~i

where we denote [f(x)]x0 = /(!)- f(0)
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Let h(x) be the solution of the following problem:

-(gh')' = 0,    in (0,1),

h(0) = a,    h(\) = b.

Notice that h can be found explicitly as

(3.8) h(x) = a + (b-a)
Jo

* _dt_

K ' v       ' rl _dj_ '

JoJO  g(t)

Since by definition ¿^ = h at jc = 0, 1, we have [gc"7¡]0 = [ghy'¡]0 and again,

integrating by parts, we have [g£,y% = -x¡ ¡0 gy¡h .

Hence, if we denote by

(3.9) fx(e,a,b) = Y,[i^)   >

2

we have, with the aid of (3.8),

2

(3.10) Me, a, b) = g cXe -ttf ([ *vA   <cj\\h\2<C(a2 + b2).

Thus, statements (3.6), (3.7), (3.9) and (3.10) prove (3.3).
To prove (3.4) and (3.5) we proceed in a similar way. Notice that

(3.11) Qx.(a,b)= f g\ç'\2-k£ f g\ç\2 = [gç'ç]x0
Jo Jo

and

(3.12) [tf'f ]¿ = [gç>h]x0 = -A, f gçh + [gÇh'Ù = -k£ f gih + f(a, b),
Jo Jo

where f(a, b) = [gÇh']x0, which, from (3.8), obviously satisfies \f(a, b)\ <

C(a2 + b2). Moreover, as before, via a Fourier decomposition of £,, we have

(3.13) /' gçh = ¿ /' gçy, f ghy, = ¿ [-f^o f ghy¡.
Jo ~T¡ JO Jo ¡=l   '-t - ~i Jo

Integrating by parts, we have [g7'¡í]x0 = [gy'jh]0 = -x¡ Jx gy¡h , and therefore,

Hence (3.11), (3.12), (3.13) and (3.14) imply

(3.15) ->
,,'^lh2 _      3   _ /    /•!

^'«=«+?ÄU-* H-»
^^l\ + ([gy'Mo)2 + £ T~r { f s*h)  + f{a - b)

k£-Xn i±n     E~    "   V° )

A-e — Tn
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where

Me,a,b) = ([g7'nQ][o)2 + £ T^T ( Í ^A   + ~^a' ̂ '

which trivially satisfies 1/3(6, a, b)\ < C(a2 + b2). This proves (3.5). Now (3.4)
can be obtained from (3.3) and (3.5). This proves the lemma.

In the proof of the results we will need to consider a change of variables

which will transform the domain R£ into Q£ = (0, 1) x (0, e). This change of

variables is given by the following transformation:

(3.16) L£:Q£^R£,     (x, y) -. (x, y) = (x, g(x)y)

(see [11], [1]).
We have the following

Lemma 3.2.  L£  induces a 1-1 transformation between HX(R£) and HX(Q£),

that is,

(3.17) L£:HX(R£)-*HX(Q£),     cp - cp = cp ° L£

which satisfies

(318) (dA   dt\fdP_yg'(x)d<p       1    dtp
dx'dyj      \0x       g(x) dy ' g(x) dy ) '

(3 19) (dJL   ?!..- (dl+.g_(x}dl d_l
{5A^> \dx' dy)~ \dx    y g(x) dy'8[X)dy

Moreover, there exist constants ci, Ci, such that for all cp £ HX(R£) we have

(3.20) /   tp(x,y)dxdy = /   g(x)cp(x, y)dxdy,
JRe JQc

and

A\\2 s II„,112 «- „\\,IM2
(3.21) Ci||(9||22(a) < \WL2{Rz) < C2||í»|IÍ2(a) ,

(3.22) cx\\0\\2HI{Qe) < \\<p\\2Hi{Re] < c2\\0\\2Him.

Proof. Trivial.

An important operator will be the averaging in the y direction of a function

defined on Re, which is defined by

M:Hl(R£)-,W ;o, 1),rito \ _. uli

(3.23) t*g<*1 regW j     /•£

cp -» Mcp(x) = —T-T /        <p(x,y)dy=-      g(x)cp(x,y)dy.
eg\x) Jo E Jo

Lemma 3.3. There exists a positive constant C such that, if y/£ £ HX(R£), we

have

(3.24) \\y£\\2R[ » H?, - My£\\2Rt + \\My/£\\2R¡,

(3.25) ||A/ft - ft|ßc < Cs2
dy/£ ''

dy
Rc

Proof. Equality (3.24) is straightforward.  To prove inequality (3.25) use the

second Poincaré inequality.

We have the following
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Lemma 3.4. If ft £ HX(Q) with ||ft||#i
e^O

(£2) 0, then

(3.26) 7/-ft - T£Ly£\ -^ 0,     \TRy£ - TRWl
R,„ i    £_>0. 0.

£^0
0, weProof. Let us prove the first statement of (3.26). Since ||ft||#i(n)

-^^ 0. Let DL = e-1Df.,m , and define We(x, y)
*¡w

have that ||ft||„i(fl¿

ft (ex, ey) for (x, y) £ DL and also

1
a, =

1 êy(0)l
/       ^ = irTLT /    Vf

eg(0)

Therefore,

\a£ - r£Lft| =
eg(0)

1 fg{0)
reg(V) 1        rg\v)

I       (a£->//£(0,y))dy =  ttqT /      (ae - ft(0, >>))¿y

1        /-í(O)SSW

< -Tgy y       k-Fe| <C||a£-F£(0, OIIlho.íío»

< C||ae - Fell/f'(/H) = C||ae - FE||/.2(Di) + CHWJlw)

and from the second Poincaré inequality,   ||ae - W£\\l2(dl) < C||Vft,||£2(0L)

which implies that \a£ - TELy/£\ < C||Vft,||¿2(Dí.) .

Since DL c R2 we know that || Wellig) = \\^¥e\\mDL
e^O

tm'
0 and

thus \ae - T£Li//£\ -£—» 0.

In the same way we can obtain \a£ - TeLi//e\ ——» 0 and therefore \T£Ly/£ -

T£ ft |   E-> > 0, which proves the lemma.

Lemma 3.5. The following is satisfied :

(3.27)

and therefore

(3.28)

In
CI(x,y) = rA>

In

2tt
V^\\L2{bHj,)) nn£|'

(3.29)

(3.30)

Proof. Trivial

Jb'Ap)

n2l2

2|lnf

||CP||2      ,       =^i!_
V°e"mB>(p))       | In. f p

(1+0(1)),

(1+0(1)).

£^0
Lemma 3.6. Lei ft e HX(Q), with ft    ^ > 0 /« HX(Q). Assume there exists

a ô > 0 swc/z that \T£Ly/£\ >ô (resp. |7£Äft| > S). 77ze«,

(3.31)
71 /     1

L,„ l2IVftH^ > [7-/-ft] lne
+ o

In e|

(^.llVftll^^^ft]2^^^)))
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Also, if \T£Ly/£\ + \TRi//£\ >S, then

(3.32) HVftll2, > ([r/-ft]2 + [T£Ry£]2) (~ + o (j±

Proof. Consider the operators

N£Ly£(r0) = - /       ft(r0,60)d60,        e < r0 < I,
n Jk/2

1     fn/2
fft(n) = -/       y/(rx,ex)dex,        s<r0<l.

n J-n/2

i  rn/2
■"£

We have

l|2l|Vft||^ > HVftll^
e«(0)

¡2

£«(0)
> miniUV^II2,   : NeLxÁ¡) = N£Ly,£(l), NeLXe(eg(0)) = A£Lft(^(0))}

E«(0)

- (NeL<p-£(eg(0)) - A£Lft(/))2 min{||V^||2,    :"«i(0)

N£Lx£(l) = 0,N£LXe(eg(0))=l}

(A? ft(fi*(0)) - A?ft(/))2l|ve(0)l&^°)"5Ä(0)

'Vl-/.^      urW.ltotf    »= (A£>£(eg(0)) - A^/))' —(l + o(l))

where we have used Lemma 3.5. Similarly,

iiVftii^^(Afft(^(i))-^ft(/))2^a+^(iw

and therefore,

IIVftHà > HVftll^ + HVftll^

>[(^£V£(^(0))-A£V£(/))2 + (^^£(^(l))-^ft(/))2]^(l+O(l))

From the fact that   ft    £^°> 0 in Hx(£l), it is easy to see, via a trace

theorem, that A£Lft(/)   e^°> 0, and NRy/£(l)   E~~ > 0.   Moreover, noticing

that N¡-y/e(eg(0)) = f£Lft, Nfy/£(eg(l)) = T^ft and applying Lemma 3.4 to
the estimates found above, we obtain

ft (   1    \\
llVftll^^^ft^oil))^^^))

llVftl^^^W + oil))^^^))

l|Vft|là>([^t]2-r[3fft]2 + 0(l))(^-ro(^)).

Now it is clear that if |r/-ft| > á (resp. \TR\j/£\ > S) or |r£Lft| + |r£Äft| >S
we obtain the desired inequalities. This proves the lemma.
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Lemma 3.7. We have

(3.33)

î£l = min'HVftllJ-ju,-: TeLip£ = 1;, ft = 0 in ff}m;
n

In e|

n

+ o
1

In fi|

1
mR = min{||Vft||22{|)f): TRi¡/£ = 1, ft = 0 in ff} = ^ + o (ry^jj •

Proof. Obviously, m£  < \\Vn£\\2DL = t-t^t .  With Lemma 3.6 we easily prove

me> nfï[(1 + °(1))-
We will need extension operators from HB(Q.) to HB(Q£), where we denote

by //¿(Q) = {u£ Hx(il):u = 0 in 5}, and similarly for HXB(Q£). For this,

let k £ R\{x„} and y/ £ HB(Q) and define

( y/{x, y),     (x,y)£Cl,

W(-x,y) + ^(e)-w(-x,y)),

(x, y) £ R£, 0 < x < £ ,

<p(2-x,y) + ^(if ( 1 -e)-w(2-x, y)),

(x,y) £ R£, 1 -£ < x < 1,

{tf(x),     (x,y)£R£,e<x<l-e.

(3.34) EÎV = {

And also

(3.35) •"[trot.
ip(x,y),    (x,y)£Cl,

x^j,        (x,y)£R£,

where we denote by Ç% the solution of (2.13) for a = y/(po) and b = y/(P\) ■

Notice that El£y £ HB(Q£), but ££V £HB(QuR£)

Lemma 3.8. If cp c HXB(Q), í7zé>« £,> e HXB(Q.£) and É¿tp £ HB(Q.öR£).
Moreover

(3.36) \\VExç> - V^Vllâ, = 0(e2),     ||E> - ¿£>||^ = 6>(e2).

Proof. Trivial.

Lemma 3.9. Let i, j £ N. We have

(3.37) (VVf,VipE)çïc=ki + 0(e),

(3.38) (V^Vft^c^cV/2), i¿j,

(3.39) (^,ft£)nt = l + Ö(e),

(3.40) (*?,¥?)o. = 0(«l/2),        i*j.

Proof. Just use the definition of the functions ft£ given by (2.6) and the fact

that the measure of the channel R£ is of the order of e . Notice that we have

to distinguish two cases, according to k¡ = pk and k¡ = xk .

4. Upper bounds

In this section we start the proof of Theorem 2.5. We will first obtain upper

bounds for kEn with the aid of a good test function. Therefore, let us fix n £ N

and assume kn-X < kn < kn+x . We will need to distinguish two cases:
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(a) Assume k„ — pk for certain k £ N. Consider the following func-

tion: Xe = E£k4>k where ££ is defined in (3.34), and cf>k is the eigenfunction

corresponding to pk. Notice that Xc cannot be used directly as a test func-

tion for kE„ since it needs to satisfy the orthogonality conditions with respect

to the previous n — 1 eigenfunctions: cp\, ... , <p„_x ■ We do this in the fol-

lowing way. Consider the linear space span{ft£, ... , y/E_l, Xe}, where y/E is

defined by (2.6), which has dimension n and therefore there exists a nonzero

function ft £ span{fte, ... , y/„-X > Xe} which is orthogonal to the (n - 1) di-

mensional space generated by the first (n - 1) eigenfunctions cp\, ... , cpEn_{ .

Hence, we can assume the existence of a nonzero vector a\, ... , aEn   such

that, if ft = Y!\Z\ a£M + anXe, then kEn < ||Vft|&c/||ft|& , or equivalently,

IIVftll^-A'llftll^O.
But the expression HVftH^ - ¿fjft ||q can be regarded as a quadratic form

of the column vector a = (a\, ... , a„)T given by the n x n symmetric matrix

QE with entries

Qij = Qji = (Vft£, Vft?)n, - kEn(ipE, ̂£)n£, \<i,j <n-\,

Qin = Qni = (Vft£ , V^£)r2£ - kE„(ft£ , Xe)iïe , 1 < / < « - 1 ,

Qnn = \\vx¿\\h,-KWxúk-

The existence of a nonzero vector a satisfying arQ£a > 0 is equivalent to

the existence of a nonnegative eigenvalue of the matrix Q£.

It can be seen that the following estimates hold:

qu = k¡ -k% + 0(e) < -a,• < 0,        / = 1,...,«- 1,

g0 = O(e1/2),        \<i,j<n-\,i¿j,

qin = o(ex/2),        / = 1, ...,«- 1.

The first two estimates come directly from Lemma 3.9. For the third one we

use first the definition of Xt and Lemma 3.8, so that qin — (Vft£, V^*)Ä£ -

¿«(ft, £ikk)Rt + 0(e). If ki = ps we obtain that qin = 0(e), while if k¡ = xs

we obtain, via integration by parts, that qin = (pk ~ Kt)Í7s, ÇpîYiR, + 0(e) =

o(l)o(e'/2) + 0(£) = o(£1/2).

Thus, if there exists a nonnegative eigenvalue of the matrix Q£, say e£, we

necessarily must have det(£)£ - e£I) = 0. Expanding this determinant by the

last column we have
"«-i

(Qnn-e£)    ~[(gu - e£) + 0(e)   +o(e) = 0,

L/=i J
which implies that qnn = e£ + o(e).

But, from the definition of Xe and Lemma 3.8, we have

Qnn = kn -ke„ + ee^Wkúo), (f>k(pX)) + o(e),

and therefore, since e£ > 0, we must have

(4.1) k% < pk + e<dßk(<t>k(po), <t>k(Pi)) + o(e),

which gives us the upper bounds for A£ .
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(b) Now we consider the case where k„ = Tj . Let us consider a£ and

ße two real parameters with a£, ß£ £ [-M, M], for M sufficiently large but

independent of e . Also, consider the function h£(x) = a£(\ -x) + ß£x defined

for jce[0, 1].
We will proceed similarly as we did in case (a). Consider the function

(4.2)
aeflt + ßelf, i" £2,

h£(x) + e-xl2yk,    inR£.

Again as in case (a) we will take a nonzero function ft on the «-dimensional

space [ft£, ... , Vn-\ ' ^7] which is orthogonal to the (n- 1 )-dimensional space

[cp\, ... , cpEn_,]. This function can be expressed as ft = Y%Z\ a\Wf + an~^e > f°r

a certain nonzero vector ar = (ax, ... , a„). From the minimization property

of the eigenvalues, we get ||Vft||n - ^llftH^ > 0.
If we consider the symmetric matrix Q£ with entries

Qij = Qji = (Vft£, Vy/£)n£ - kEn(y/E, ̂ ;£)ne,        1 < i, j < n - 1,

Qin = Qni = (Vft£, VT£)a - kEn (y/E, T£)c.e, i<i <n-\,

|VT£ A£||TfQnn = l|Vle||ñt-Añll1íllñ,»

there must exist a nonnegative eigenvalue of Q£.

As in the previous case, it can be seen that the following estimates hold:

qu = k¡ -kEn + 0(e) < -a¡ < 0,        / = 1, ... , n - 1,

qu = 0(ex'2),        \<i,j<n-\,i¿j,

1
\qin\ = (\a£\ + \ß£\)0

lnel
+ 0(e 1/2) / = 1, ... , n — 1.

Therefore, the existence of a nonnegative eigenvalue of the matrix Q£, say

e£, implies that det(ß£ - e£I) = 0. Expanding this determinant by the last

column, we get

fn-\

(Qnn-e£)[]J(q,i-e£) +0(e))+0(1)
k/=i

(\ac\ + \ß£\)0
1

lnel
= 0,

which implies that there exists a positive constant C such that

1
(4.3) Qnn>-C(ai + ßi)0

lnel2
+ 0(e)

But evaluating q„n , we can obtain

i7„„ = (a2 + ^2)^(l+O(l))-2a£^(0)7;(0)e1/2(l+o(l))

+ 2ß£g(l)y'k(l)ex'2(l+o(l)) + Xk-kEn,

so that (4.3) can be written as

(4.4)
(al + ßt)^—(l+o(l))-2a£g(0)y'k(0)ex/2(l+o(\))

line

+ 2/?£s(l)7[(l)e1/2(l +o(l)) + xk- kEn + 0(e) > 0.
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Since (4.4) is valid for all choices of a£, ß£ £ [-M, M], we will have that

min {(a2 + #)J^'l + o(l)) - 2aEg(0)y'k(0)ex!2(\ + o(l))

+ 2ß£g(l)y'k(\)ex'2(i+o(l)): a£,ß££ [-M, M]\ > kE„ -xk + 0(e).

This minimum is attained at the points

a£= g(0)^(0)fi'/2|lnfi|(l +o(l)) € [-M, M],
n

ße= -gl W V/2llnfil(l + o(l))g[-A/,M],
n

and therefore, we obtain

(4.5) ii<Tt-te"">''(0", + te"Wl"'.|h..| + <,(.|l..|),
n

which gives us upperbounds on kE„ .

5. Lower bounds

In this section we obtain the lower bounds on the eigenvalues and estimate

the eigenfunctions, proving both, Theorem 2.5 and Theorem 2.7. For this we

will need to make a careful analysis of the behavior of the eigenfunction on Q

and on R£.
The first proposition gives us information on Ci.

Proposition 5.1. Assume that pr-X < pr = ■ ■ ■ = ps < ps+x for certain integers

r < s. Let n £ N such that k% e~* > pr. Then, if we define ft = cpE„ -

2ZSi=r{<Pn, <t>i)ii<t>i. we have

(5.1) llftlll, = 0(||Vft||à).
Proof. If Hftllfj = 0 there is nothing to prove.   Thus, we can assume that

Hftll2} > 0 for e small enough. In this case, (5.1) is equivalent to l^ftH^/llftH2}

-y +00. Assume there exist a sequence, that we denote by e again, and a

constant C such that IIVftH^/HftH^ < C.  Define Xe = ft/llftlln, so that

Xe£HxB(íl), Halla-1 and ||V*e|&<C.
We can choose a subsequence, denoted again by e , and a function x £ HB(Q)

such that Xe   £^ ' X weakly in HX(Q.), strongly in L2(Q), so that ||^||q = 1

and IIV^IIq < C. Notice that since ft is orthogonal to the space generated by

(pr, ... , ft , in L2(Q), we will have that (x , ft )q = 0 for i = r, ... , s .
The function Xe satisfies the following equations:

-A/£ = au + {l¡"/'} ¿(tó, ftbft-,   a,

§7? = °-   «i\(«ur«).
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Therefore, for any test function y/ £ C^°(Q\(Bupo Upx)) with the property

that (y/, 4>i)a = 0 for i = r, ... ,s,we will have (VXe, Vy/)Q = kE„(x£, y/)a
for e small enough, and going to the limit,

(5.3) {^X>^W)a = Mx,W)a-

Equation (5.3) is valid for all y/ £ Cq°(ÍI\(B UPo Upx)) with the property
that (y/, 4>i)n = 0 for i = r, ... , s . Eventually we want to prove that (5.3) is

valid for all y/ £ HB(Q). Consider first the case where yi £ HB(Q) with the

additional condition that y/±[^r, ... , ft] in L2(£l). By density arguments,

we can choose a sequence of functions ft £ Cq°(£1\(B U pq U/?i)) such that

ft -* y/ in //'(Q). Notice that, in this case, (ft, ft)e. -> (y/, 4>¡)n = 0, for
/ = r, ... , s. Choose functions /,...,/ £ Cg°(Q) with the property that

(f, <f>j)n = ôjj, r < i, j < s which clearly can be found by a dimensionality

argument. Consider the function y/k = ft. - 27^=r((^ > ̂ i)afi which belongs to

the space Cq°(Q\(B Upo Upi)), and obviously satisfies (y/k , ft)rj = 0 for i =

r, ... ,s and y/k -^ y/ in //¿(Q). Therefore, (Vx, Vft)n = MX, Wk)si,

and going to the limit we conclude that (5.3) is valid for all y/ £ HB(Q) with

y/±[(pr, . . . , ft] .

If y/ £ HB(£l) we define y/ = y/-^2(y/, ft)cjft and we will have (V/, Vy/)n
= ßr(x, V)q , but since x is orthogonal to [ft, ... , ft] we get that (Vx, V^)^
= pr(x, y/)n for y/ £ HB(il) and this implies that x is an eigenfunction corre-

sponding to the eigenvalue pr which is orthogonal to the eigenspace generated

by pr. This is a contradiction and the proposition is proved.

Consider the following

Corollary 5.2. Assume kn-X < kn < k„+x and kn = xk for certain k. Then,

(5.4) \\<PÎ\\h = o(\\V<pEn\\2n).

Proof. Immediate from the previous proposition.

We need to analyse the behavior of the eigenfunctions on the channel R£.

For this, let us begin by defining the function ££ as the solution of the following

problem:

-(gtx)x = kEngÇ-,       (0,1),

t(0) = T£L(<pEn) ,       Í(l) = T£R(tp'n),

which is well defined, with the condition that kE„  0  {t^} .   We want to end

proving that cpEn and ££ are close in a certain sense in HX(R£). Notice that if

g = 1 we trivially have that McpEn —' ££ in R£.

Let us prove the following

Proposition 5.3. Let kEn $. {xk}. There exists a constant C, independent of e,

such that

(1+|(I^)-
Proof. First of all, from Lemma 3.3 and the fact that ££ is independent of y ,

we have ||ç!>£ -£E\\2Rc = \\<pE„ - McpEnfR+\\Mcpn -ç^fRc and also \\<pEn - McpEJ\ <

(5.6) \9n
|2
In, <Ce2

d(pEn

dy
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Via a Fourier decomposition, we have

.1

\\McpEn-^\\i =e /   g\M<Pn
Jo

7£|2

/=1   LI
i2

g(Mcpn-ç-E)yi

where {7,} are the eigenfunctions of -(gy')' = xgy, with 7(0) = 7(1) = 0, sat-

isfying /0 gy¡yj = ôjj. Since the function ¿£ satisfies -(gÇEx)x = kEng^E, ¿;£(0) =

T£L(cpEn), ¿;£(1) = TR(cpEn), we can easily obtain

f gCe7, = ífp^ó.
JO kE„ - Xi

Moreover, via elementary integration by parts and using the change of vari-

ables given by Lemma 3.2, we have

'•[^M^'i'[^M<*\ir'y^didxdy-ist'y''

Hence

-1

/ g(Mcpn
Jo

■?)n
1 1

(4 - T/)2 e2 Jo Jo      g dx dy

and via Holder's inequality and taking into account that J0 g\7'¡\2 dx = x¡, we

have that there will exist a constant C independent of e such that

2

/' r-'yít-^-líaxdy
Jo Jo g dx dy

< CfiT.e2
dcpEn

dy

•1    t-eg(x)

'0   JO

which proves the proposition.

Consider now the following

Proposition 5.4. Let kEn fi {xk}. There exist Cx, C2 > 0 constants independent

of e, such that

(5.7)

¿n>\\V<pn\\îh + kEn\\<pEn\\2Rc + C
dy>En

dy R,

dtp%_d¥_

dx      dx

- K\\< - ill. - C2e3 f gm2 + e®v(T£L<pEn , TRcpEn).
Jo

Proof. Clearly

(5.8)

But

(5.9)

K = HV^lß+
dcpn

dy
+ 9<Pn

dx

dtpEn

dx

dy>\     dtE

dx      dx R,

dÇe

dx rc     Jr.

d<pEn dÇE

dx dx '

Using the change of variables given by Lemma 3.2, we have

<-> im--wd(cpnoL£)dt;E 1      /•£

dx dx

d(cpEnoL£)diE

l0 jo Sy      dy       dx '11Jo Jo



RATES OF EIGENVALUES ON A DUMBBELL DOMAIN

and via integration by parts,

d(y>EnoL£)diE

3523

(5.11) ILJo  Jo dx dx
kEn f <pnç-E + ee,,(TeL<pEn,TERtpEn).

Jrc

Moreover,

(5.12)
Jrc

c£ ce II2K-ai + \\<Pn\\i + Ke\\i.

Statements (5.8)—(5.12) give us

(5.13)

£||24 = llv^iir, + A£ii^£i|i +
d<Pn

dy
Rc

dcpEn      d?

dx      dx
£||2

KWn-m
R,

-2flJo Jo

£ clí,d(<Pn°L£)díE L R
g y-K7.-Tä + et,/l£„U£ <Pn> le <Pn>-

io Jo dy

But from Holder's inequality,

2 /'  [eg'y^°Le)d^

Jo Jo dy       dx
<2C dcpEn

dy
,3/2

R«
ÍJo

£|2
X

1/2

and using that for all a, ß and for all a / 0, 2aß < a2a2 + ß ¡a2, we get

■H
Jo Jo

2 I    I   c^.d^(Pn0L£)d^E

o io Sy      dy       dx
<C2a2

dcpEn

dy

1   3   ''
+ -t63

a2    jof g\i
Jo

x\  ■

Choosing a such that 1 - C2a2 = Cx > 0 and denoting by C2 = ^ we

conclude the proof of the proposition.

Now we are in a position to obtain the lowerbounds of kEn . For this, we will

use in an essential way the previous propositions, Corollary 5.2 and the already

obtained upperbounds of kEn . We will assume that k„-X < kn < kn+x and will

need to distinguish two different cases.

(a) Assume k„ = pk for certain k. In this case it is clear that there exists

a constant C such that £)°f, a£7'.2 < C. Therefore, Proposition 5.3 tells us

that

(5.14) |ç>£-a2£<Ce2
depl-
oy

From (5.14), Proposition 5.4 and the fact that H^H2^ = l-||ç»iîlln , we obtain

R«

£||2

(5.15)

0>||V<|là-AeB|K||â + C,

• i

dcpEn

dy
+

R,

dcp\      d?

dx      dx

C2e3 f g\tx\2 + e®x.(Tt<pEn,T£Rcpn).
Jo

Denote by bE„ = (tpE„ , 4>k)a- We know from Remark 2.4 that bE„ = 1 + o(l).

We have \\V<pEn\\2n = \\VtpEn -bEnVM\2n + [bEn]2pk and \\K\\2n = \\<P£n-bEnV4>k\\h +

[bEn]2. But from Proposition 5.1 we have \\cpEn - o^ftvlln = o(\\Vcp„ -bEnV4>k\\2a).
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Therefore, we obtain

m2(K - ßk) > l|V^£ - ^Vftjßü + o(l)) + eS^T^ri), TR(cpEn))

(5.16) , rx
-C2e3/   g\^Ex\2 + S(e),

Jo

where we denote 5(e) = C, ||% \\t + ||°-£ - £II2, > 0.

Let us prove now that T£(cpEn)   *~* > (pk(Po), TR(cpEn)   £-> > 0,(/?i) or equiv-

alently TeL(q>n - o^ftv)   *~* > 0, T£R(cpEn- bEn4>k) > 0 . Assume this is not the

case, so that there exists a positive <5 such that

A/£ = max{|r£L«) - o£0,(O)|, |3f (<) - o£0,(l)|} > 5

From Lemma 3.6 it is clear that \\VcpEn - ö£V0,|ß > M¡-^(\ + o(\)) and

from (3.2) and taking into account that k„ £ {xn} we have that there exists a

constant C independent of e such that

\®vn(Tt(<P£n),T£R(cpEn))\ < C(\Tt(cpEn)\2 + \TR(cpEn)\2) < C(M2+l),

and similarly

' S|££|2<C(A/2+l).
/Jo

Therefore (5.16) can be written as

\e-\2r C
(5.17) [bEn]2(kEn - pk) > ^ry^O + o(l)) + 0(e) > ^ ,

for certain positive constant c. Statement (5.17) is in contradiction with the

upperbounds of k% given by (4.1).
Therefore we have

(5.18) T£L(K) -^ <f>k(Po),     TR(cpEn) -^ MPI)-

In particular we have proved (2.17) from Theorem 2.7.

From (5.18) and the continuity of &x(a, b), given by Lemma 3.1, we have

e^iff», TRcpEn) = e^ihipo), mpi)) + o(i),

and also Jx g\ç~x\2 < C, so that (5.16) yields

(5 19)   [b"]2{X" " ßk) - l|V^" " ^Ml + S(e) + e0w(ft(O), 0,(1)) + o(e)
> ^(0,(0), 0,(1)) + o(e),

and since [6£]2 = 1 + o(I), we get

(5.20) ¿£-^>eew(0,(O),0,(l)) + o(e),

which gives us the lowerbounds of k% . Hence, (5.20) and (4.1) yield

(5.21) kEn-pk = e8^(0,(O), 0,(1)) + o(e),

which proves (2.10).
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Using (5.21) in (5.19) we get

(5.22) \\V<P£„-bnV<Pk\\h = o(e),
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(5.23)
dcpEn

dy R,

d_cp\_d^_

dx      dx
= 0(6).

But (5.22) and Proposition 4.1 give us

(5-24) \W£n-b£M2w(ci) = o(e).

Moreover (5.23) and (5.14) imply

(5-25) IW-Hjjrw »<>(«)■

The fact that kEn —» pk , statements (5.18), (5.25) and the continuity of the

map (3.1) given by Lemma 3.1 imply  \\<pEn - it\\2HllRt) < 2\\<pE„ - ie\\2HllRt) +

2K* -Çikk\\2W(Rc) = o(e), which proves (2.19).

Moreover from (5.24) we get

WK - ¿tiltil) < 2||^£ - bEnct>k\\2HHn) + 2(1 - o£)2||0,||2/1(n) < C(l - b\)2 + o(e).

But, since bEn = 1 + o(l), we have

1 - [bn]2
1-«

\+bE
<c(i-[o£]2) = c(n^- bMi + M\\lt)

< o(e) + C(2||< - <^||2£ + 211^11^) = 0(e),

and therefore \\<p% - 0,||2îi(ri) = o(e), which proves (2.18).

This concludes the proof of case (a) from Theorem 2.5 and Theorem 2.7.

(b) Assume k„ — xk for certain k . For this case we have the upperbounds

given by expression (4.5). Notice that although kEn —► xk we have from (4.5)

that kEn i {xk}, since [y'k(0)g(0)]2 + [y'k(l)g(l)]2 > 0, because y'k(0) ¿ 0,

y'k(I) t^ 0, from the continuation principle.

To simplify the notation, we will denote a£ = T£(cpEn) and ß£ = TR(cpEn).

Again, from (4.5), we get that

£
Tfc

+ £
T,

Jk^-Xi)2- (kEn-xk)2   ' f£(kE„

and therefore, Proposition 5.3 gives us

< C\

e2|lne|2
+ c2<

e2|lne|2'

(5.26) \<p£n-t£\\R< I lnel2

dcpE„

dy

Noting that r¡^ —► 0, using (5.26), Corollary 5.2 and Proposition 5.4, we

get

(5-27)

o>l|v^llâ(i+o(i)) + c,
dcpEn

dy
+

R,

dcpEn     djE

dx      dx

-C2e3/ g\iEx\2 + ee^(a£,ß£).
Jo
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From (5.27) we can see that we necessarily must have a2 + ß2 > 0, since if

»£ = ße — 0 for some e small, we will have ¿;£ = 0 and therefore ©^ (a£, ß£) =

0, so that (5.27) yields

0>||V«(l+o(l)) + C, 9<Pn

dy
+

Re

dcpEn

dx
Rr

which implies that cpEn — 0 in fi£, and this is not true.

Moreover, from Lemma 3.1 and statement (4.5), we can see that

I 8^x]2 - r¡n7el£|e£K' Ä)l + Ce3(Q£ + Ä

Hence, if we denote 5(e) = G||^f ||^ + f-gf - ^\\2Re, inequality (5.27)
implies

(5.28) 0 > \\V<pEJ2a(l + o(l)) + e&Àt(a£, ß£)(l + o(l)) + 5(e) - Ce\a2E + ß2£).

Define

ae S ße
ft =

<Pn

a2 + ß2 '
.       ße

VaJTß2'     "£      y/^+ßl'

so that a2 + ß£ = 1 . Taking into account Lemma 3.1 and (5.28), we get

(5.29) -A + ||Vft|ß < e-^£[-a£g(0)yk(0) +~ß£g(\)y'k(\)]2 + 0(e).
ae   '   Pe '■k      An

But

[-ä£g(0)y'k(^)+~ß£g(\)y'k(\)f

(5.30) < max{[-äg(Q)y'k(Q) + ßg(\)y'k(\)]2: ä2+~ß2 = 1}

= [£(0)7¿(0)]2 + [£(l)y¿(l)]2,

and this maximum is taken only at the point

(-g(0)y'k(0),g(l)y'k(l))
(5.31) (ä,ß) = ±

^/[g(0)7'k(0)]2 + [g(i)7'k(l)]2

Therefore, (5.29) yields

(5.32)      -Ä + ||Vft|ß < £-±^l{[g{0)y'km2 + [g(l)y'k(\)]2) + O(e).
ae "■" Pe Tk       ^n

From (4.5) and (5.32), we get

¡5.33) S{E)    +HVft||à<~(l+o(4))-i^0,
aj + ßi  ' ™"" |lne

and from Corollary 5.2,

\K\\h ._o(\\v<pn\\2a
IVelln

a2 + ß2 a2 + ß2
= o(||Vft||à)-!=^Os

e-*0
so that ||ft||//i(ij)-y 0 and we can apply Lemma 3.6 which gives us

(5.34)       HVftlla > ([77-ft]2 + [TRyj£]2)—-(1 + o(l))
line (1+0(1)).
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Finally (5.33) and (5.34) imply

(5-35) UVftU^^O+od)),

a2 + ß2 VI lne|

In particular (5.32) and (5.35) imply

(5-37) ^{x+o(\))<£-^^([g(0)y[(Q)]2 + [g(\)y'k(\)]2),

or equivalently

(5.38) tt-Ai<"",W0)l2 + te"W"f.|h.«|+<K«|lB.|).
n

which, with (4.5), implies

(5.39) ^^(OWOII'-HSOKU)]'
n

which proves (2.11).

Now we want to obtain the estimates for the eigenfunction. Taking into

account (5.36), (5.39), (5.29), and denoting A = g(0)y'k(0),B = g(i)y'k(l), we
get

(5-40) TOt1 +«1» ■ »V^° * AT^nfL '|me| d_±£_e|ine|(i +o(l))

which implies

(5.41) [_ä£^ + ^£jß]2>(^2 + Jß2)( l+o(l)),

and, therefore 5£ and /?£ must be near the points defined by (5.31). In other

words, we must have

(5-42)     S-7CT(1 + Ö(1))'   ^ = 7ra(1 + 0(1))'
(5.43) [-ü£A + ß£B]2 = (A2 + B2)( 1 + o( 1 )),

and from (5.43) and the definition of q£ , ß£ we get

(5.44) [-a£A + ß£B}2 = (^2 + /?2)(a2 + ß2£)(\ + o(l)).

Moreover, from (5.26) we have ||^£ - f*||V * > 0 and since H^Hl =

1 + o(l), we get \\ç"e\\2Rc = 1 + o(l). But from Lemma 3.1

(5.45) M\\2R. = e flg\?\2 =
Jo

which implies

,*a*<> i       ^       (A2 + B2)(a2 + ß2)(l + o(l))
(5.46) l+o(l) = ev IA2+BJ\'     ,'   --^ + e/(e,a£,^£),

i^P-e2 Ine2 l+o 1

12-a£^ + &£]
—-¡Y——^— +jx(e,a£,ß£)

(kE„-rky
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or equivalently,

(5.47)

Hence,

(5.48)

J. M. ARRIETA

<*? + ßl
A2 + B'

e|lne|2 + o(e|lne|2).

[^(^)]2 = ^|lne|2 + o(£|ln£|2),

-R/,«e\i2

l2

B2

n2
= ̂ e|lne|2 + o(£|ln£|2),

which proves (2.20).

Remark 5.5. Notice that in particular we have proved that

(5.49) kEn - Tk=eex.n(T£L(cpEn), TR(cpEn)) + o(e|lne|),

since, if we evaluate eSxe„(T£L(<pEn), T£R(y)^)), taking into account Lemma 3.1

and statements (5.44), (5.47) and (5.48), we get

ee,t(T£L(<p£n), TR(cpEn)) = -ü±^e|ine|(l +o(l)),
7t

which proves (5.49).

Moreover, (5.36) and (5.47) imply

(5.50) S(e) = (a2£+ß2£)o'
lne|

and therefore,

(5.51)
dcpEn

dy
+

d<pEn       d?

dx      dx
= o(e|lne|

and with (5.26) we get

(5.52) \\<pE„-ç-E\\2Hl{Rc) = o(e\\ne\).

Moreover, if we define Xe — a£rj£l + ß£nf , we have

(5.53)

IVft - VXeWa = 2||Vft||â + 2\\VXe\\h - ||Vft + V^e||^

;i+o(i))-||Vft + vx£|&.
lnel

But since ||ft + Xe\\H'(Rc)

we have from Lemma 3.6

£-^0
0 and [r£L(ft + z£)]2 + [r(f(ft + ^£)]2 = 4,

(5.54)

so that

(5.55)

4n
IVft + V*£||á> -j^—(1 +0(1)),

llVft-V^ll^o^
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and from (5.55) and (5.47) we have
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(5.56) \\VcpEn - (aeVftf + ßeVn?)\\Re = o(e\ lne|).

But trivially we have

(5.57)

\cpEn - (a£nt + ß£nR)\\2n < 2\\cpEn\\i + 2(a2£ + /?£2)||Ä

1
= 0(||VÄ) + O(e|lnen-

lnel2
o(e|lne|).

Statements (5.56) and (5.57) prove (2.21).
Finally, let us prove now (2.22). For this let us define first

a£ = (cpEn,e x/2yk)R

and evaluate,

(5.58)

£||2
cpEn - a£e-x/2yk\\Re < \\<pE„ - {% + 2||££ - a£e-x'2yk\\2R■1/2^112

< o(e|ln£|) + 4||¿£ - (HE, e-x'2yk)Rce-x'2yk\\i■l/2v.l|2

+ \\(<p£n-C£>e-1/¿7k)Rce-i/¿7k\\Í-'/Vil!

£       ££||2< o(£| lne|) + 4(||<r||¿£ - (¿£, e-x'2yk)i) + 4||< - E'|ß

2

< o(e|lne|) + 4e
i'^1'2-(/>")

o(e|lne|

where we have used (5.52) and Lemma 3.1 to estimate J0 g|<^£|2 - (/0 g£,Eyk)2

Therefore,

(5.59)
\K - e-l/27k\\2Rs < 2M - a£e-x'2yk\\l +2(1-a.

<o(e\\ne\) + 2(\-a£)2.

But, from the sign criterion from Remark 2.4 we know that a£ = 1 + o(l).

Therefore

(5.60) °<l-a£-T+-a, ^<C(l-a2)

= C(\\cpEn - a^-^^kWi -  Mo) = o(e|lne|).

Hence (5.59) and (5.60) imply

\\(p£n-e-x'2yk\\i = o(e\\ne\).(5.61) l/2v,.\\l   = nfp.WnP.U
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Moreover,

(5.62)

ivrô -1/2 Vy*Hi
dcp%

dy

= o(e|ln£|) + 2

= o(e|lne|) + 2

< o(e|lne|) + 4

+ 4

dtpEn

dx

dcpEn

+

Re

aFe-x'2

dx
-aPe-x'2dyk

d_cp%

dx

djk_

dx

dyk

dx

-1/2 dyk

dx

+ 2(1-a£)7
-XI2d7k

dx

dcpEn    dt¡E

dx      dx
+ 4

(me       *e    p-l/2v  \„ F-lßd7k
[<Pn ~C   > e 7k)Ree ~J^

Re

d¥
dx

2

/„-1/2.,       i:e\     r-lßdjk^
— ~(e      7k,t)Rce       ¿j

< o(e|lne|) + 4 d¥     r.-i/2Vi   ^„.-1/2^¿77~(e     »'«)*«     7Ï77

= o(e| lne|) + 4[ee¿. (ae, ß£) + (xk - kEn)]

21

+ 4eA£
/„'*i2 -"(/>*)

= o(e|lne|),

where we have used Remark 5.5 and Lemma 3.1 in the last equality. Obviously,

(5.61) and (5.62) prove (2.22). This concludes the proof of Theorem 2.7.
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